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Abstract. We examine the radial asymptotic behavior of spherically symmetric
Lemaˆıtre–Tolman–Bondi dust models by looking at their covariant scalars along
radial rays, which are spacelike geodesics parametrized by proper length `,
orthogonal to the 4–velocity and to the orbits of SO(3). By introducing quasi–
local scalars defined as integral functions along the rays, we obtain a complete and
covariant representation of the models, leading to an initial value parametrization
in which all scalars can be given by scaling laws depending on two metric scale
factors and two basic initial value functions. Considering regular “open” LTB
models whose space slices allow for a diverging `, we provide the conditions
on the radial coordinate so that its asymptotic limit corresponds to the limit
as ` → ∞. The “asymptotic state” is then defined as this limit, together
with asymptotic series expansion around it, evaluated for all metric functions,
covariant scalars (local and quasi–local) and their fluctuations. By looking at
different sets of initial conditions, we examine and classify the asymptotic states
of parabolic, hyperbolic and open elliptic models admitting a symmetry center.
We show that in the radial direction the models can be asymptotic to any one of
the following spacetimes: FLRW dust cosmologies with zero or negative spatial
curvature, sections of Minkowski flat space (including Milne’s space), sections of
the Schwarzschild–Kruskal manifold or self–similar dust solutions.
PACS numbers: 98.80.-k, 04.20.-q, 95.36.+x, 95.35.+d
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1. Introduction.
The spherically symmetric LTB dust models [1] are among the best known and most
useful exact solutions of Einstein’e equations. Since they allow us to examine non–
linear effects analytically, or at least in a tractable way, there is an extensive literature
(see [2, 3] for comprehensive reviews) using them, mostly as models of cosmological
inhomogeneities [4, 5, 6, 7, 8], but also as in other theoretical contexts, such as
gravitational collapse and censorship of singularities [10, 11] or quantum gravity [12].
There is also a widespread literature [13, 14, 15, 16, 17, 18] considering LTB models
as tools to probe how the cosmic acceleration associated to recent observations can be
accounted for inhomogeneities, without introducing an exotic source like dark energy.
LTB models are also a standard choice [19, 20, 21, 22] to apply Buchert’s scalar
averaging formalism [23], in which the effects of dark energy could be mimicked by
“back–reaction” terms (see [24] for a review of all this literature). In practically all
articles the models are parametrized by a standard set of free functions and analytic
solutions (implicit and parametric).
While the literature is vast and exhaustive, there is still room to explore further
development on their theoretical properties (see for example [25] in this context). The
present article deals with a theoretical problem that has not been, as far as we are
aware, previously examined in the literature, namely: the asymptotic behavior of LTB
dust models (through their covariant scalars) in the radial spacelike direction, which
can be defined in a covariant manner in terms of spacelike geodesics (radial rays)
whose tangent vectors are orthogonal to the 4–velocity and to the orbits of SO(3). In
the remaining of this section we explain and summarize the contents of the article.
Basic background on LTB models is provided in section 3: the metric, field
equations, classification in kinematic classes: parabolic, hyperbolic and elliptic, as
well as a covariant time slicing that defines the space slices 3T [t] orthogonal to the
4–velocity field and marked by constant values of t. In section 3 we introduce an
alternative set of quasi–local scalar variables [26, 28, 27, 29, 30], leading to a “fluid
flow” description of the dynamics of the models that is similar (and equivalent) to the
“1+3” approach of Ellis, Bruni and coworkers [31, 32], which for LTB models (as with
all spherically symmetric spacetimes) reduce to scalar equations [33]. As we showed in
[27, 29, 30], these variables can also be understood in the framework of a perturbation
formalism on a FLRW “background” defined by the quasi–local scalars, which satisfy
FLRW dynamics, while their fluctuations are gauge invariant and covariant non–linear
perturbations. The quasi–local variables and their fluctuations are potentially useful
for a numeric approach to LTB models (see [29] and sections XI–XIII of [30]), but they
are also very handy for analytic and qualitative work, since they lead to an initial value
parametrization of the models in which all covariant scalars can be given by simple
scaling laws that depend on the two metric functions (scaled to an initial 3T [ti]) and
initial value functions.
In section 4 we discuss the definition and properties of the proper radial length, `,
along the radial rays, which is the affine parameter of these geodesics. Since we need
to explore how scalars behave as `→∞, we will only consider LTB models (admitting
a symmetry center) in which this limit can be realized, which means“open” models
whose 3–dimensional space slices 3T [t] orthogonal to the 4–velocity are homeomorphic
(topologically equivalent) to R3, as ` is always finite at all 3T [t] in “closed” elliptic
models with slices 3T [t] homeomorphic to S3.
In order to probe the asymptotic behavior of covariant (local and quasi–local)
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scalars along the radial rays, we should (ideally) evaluate these scalars as functions of
`, which without numeric work is practically an impossible task (even qualitatively),
as ` is an integral of a metric function that can only be determined (at best) in implicit
form in terms of another metric function. Instead, we provide the conditions so that
this radial asymptotic regime can be examined in terms of the dependence of scalars
on a well defined radial coordinate. Once this is done, the limit r →∞ will correspond
to `→∞, and as a consequence, a covariant characterization of the asymptotic regime
can be provided in terms of the radial coordinate and initial value functions.
Since we are considering LTB models that comply with basic regularity conditions
(no shell crossings and scalars may only diverge at a central singularity), we define in
section 5 a regular asymptotic regime in the radial direction by demanding that all
scalars are smooth and finite as r →∞ (which now corresponds to `→∞). We also
discuss (Lemmas 1 and 2) the relation between ` and R =
√
gθθ, which is another
important invariant in spherically symmetric spacetimes [34]. Since the quasi–local
scalars satisfy less complicated scaling laws than local scalars, it is more practical to
study their radial asymptotics first. Hence, we prove in Lemma 3 in section 6 that
both types of scalars, the local and quasi–local, share the same asymptotic behavior
(given a common set of assumptions on the initial value functions). We also choose
a radial coordinate gauge (as there is a radial coordinate gauge freedom in the LTB
metric).
In section 7 we consider the radial asymptotic behavior of the r–dependent initial
value functions, which are the quasi–local scalars and their fluctuations evaluated at a
fiducial “initial” slice 3Ti = 3T [ti] (the Aqi and δ(A)i ), and are necessarily restricted by
regularity conditions (the Hellaby–Lake conditions [8, 30, 35]). We assume for these
functions a uniform asymptotic convergence to specific (but not restrictive) asymptotic
trial analytic functions of r: power law, logarithmic or exponential. However, before
using these convergence forms to probe the scalars Aq, A and the δ
(A) by means of the
scaling laws derived in section 4, we introduce in section 8 the distinction between the
“asymptotic limit”, which is simply the limit of scalars as r → ∞, and the notion of
“asymptotic state”, which we define as the set of these limits, together with suitable
series expansions around them, evaluated for the metric functions and all covariant
scalars and fluctuations.
We examine the asymptotic limits and states separately for parabolic (section 9),
hyperbolic (section 10), elliptic (section 11) models and in section 12 for special models
with a simultaneous big bang (initial central singularity) and maximal expansion. A
summary of these asymptotic limits and states, as well as a brief discussion, are
provided in section 13. Depending on the initial value functions, the scalars in
open LTB models have as asymptotic limit, either a FLRW cosmology (with zero
or negative spatial curvature) or a section of Minkowski spacetime given in “non–
standard” coordinates that generalize those defining Milne spacetime (the particular
solution “[s2]” of [8]). Within those LTB models whose asymptotic limit is a Minkowski
section we can recognize asymptotic states that clearly identify various particular cases
of LTB models: sections of Minkowski spacetime that include the Milne universe,
self–similar LTB solutions (see pages 344–345 of [3] and [10, 36]) or sections of the
Schwarzschild–Kruskal spacetime given in terms of coordinates constructed with radial
geodesics (Lemaˆıtre and Novikov coordinates, see page 332 of [3]).
As we comment in section 13, LTB models asymptotic to a FLRW cosmology can
be understood in the context of embedding a dust inhomogeneity in a dust FLRW
background, without resorting to an artificial matching at a fixed comoving boundary.
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In other words, these models can be fully relativistic and less artificial representations
of the Newtonian “spherical collapse models” used as toy models of structure formation
(see [29] for discussion on this point). This embedding into homogeneous cosmology is
not compatible with LTB models asymptotic to Minkowski (in any of their asymptotic
states). Instead, some of these models (specially the vacuum dominated hyperbolic
ones) can be considered as toy models of a dust inhomogeneity surrounded by a
large cosmic void. In this context, these configurations can approximate a spherical
realization of the notion of “finite infinity” (or “fi”) suggested by Ellis [37], and
considered further by Wiltshire [38], as a description of an intermediate scale in
which galactic cluster structures can be studied as (approximately) asymptotically
flat configurations.
The article contains three appendices: Appendix A provides the analytic
(parametric and implicit) solutions in the conventional variables, Appendix B discusses
the possibility of considering local scalars (instead of quasi–local ones) as initial value
functions, while Appendix C summarizes the various particular case spacetimes that
follow from specializing the free parameters of LTB models (in our description: the
initial value functions). As shown in sections 9–12, the radial asymptotic state of any
open LTB model corresponds to a specific spacetime in this list.
2. LTB models, kinematic classes and a fluid flow time slicing.
LTB dust models in their conventional variables are characterized by the following
metric and field equations Gab = κρuaub
ds2 = −c2dt2 + R
′2
1 + E
dr2 +R2(dθ2 + sin2 θdϕ2), (1)
R˙2 =
2M
R
+ E, (2)
2M ′ = κρR2R′, (3)
where ρ is the rest–mass density, κ = 8piG/c2, E = E(r), M = M(r), while
R˙ = ua∇aR = ∂R/∂(ct) and R′ = ∂R/∂r.
It is common usage in the literature (see [2, 3, 8]) to classify the solutions of (2) in
“kinematic equivalence classes” given by the sign of E, which determines the existence
of a zero of R˙2. Since E = E(r), the sign of this function can be, either the same in
the full range of r, in which case we have LTB models of a given kinematic class, or it
can change sign in specific ranges of r, defining LTB models with regions of different
kinematic class (see [8]). These kinematic classes are
E = 0, Parabolic models or regions (4a)
E ≥ 0, Hyperbolic models or regions (4b)
E ≤ 0, Elliptic models or regions (4c)
where the equal sign in (4b) and (4c) holds only in a symmetry center. The solutions
of the Friedman–like field equation (2) for each kinematic class are given in Appendix
A. The case M = 0 with E > 0 arbitrary has been classified in [8] as the solution
“[s2]” and is locally equivalent to Minkowski spacetime.
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2.1. A fluid flow time slicing and covariant scalars.
The normal geodesic 4–velocity in (1) defines a natural time slicing in which the space
slices are the 3–dimensional Riemannian hypersurfaces 3T [t], orthogonal to ua, with
metric hab = uaub+ gab, and marked by arbitrary constant values of t. Each spacelike
slice is a warped product 3T [t] = χ[t](r) ×R S2(θ, ϕ), where the warping function
is R(t, r) ≥ 0, the fibers are concentric 2–spheres S2 with surface area 4piR2(t, r)
(orbits of SO(3)), while the leaves χ[t](r) are “radial rays” or curves of the form
C(r) = [ct0, r, θ0, ϕ0], with t0, θ0, ϕ0 constants. The rays are orthogonal to the fibers
and isometric to each other in any given 3T [t], and are also geodesics of the 3T [t]
and spacelike geodesics of the LTB metric (1). Since we are assuming the existence
of (at least) one symmetry center, then every χ[t](r) for t constant is diffeomorphic
to R+ = {x |x ≥ 0}. Hence, we will consider every LTB scalar function as equivalent,
under the time slicing given by ua, to a one parameter family of real valued functions
A[t] : R+ → R so that A[t](r) = A(t, r).
Besides ρ given by (3), other covariant objects associated with LTB models are
the expansion scalar, Θ, the Ricci scalar of the space slices, 3R, plus the shear and
electric Weyl tensors, σab, Eab
Θ = ∇˜aua = 2R˙
R
+
R˙′
R′
, 3R = −2(ER)
′
R2R′
, (5)
σab = ∇˜(aub) − (Θ/3)hab = Σ Ξab, Eab = ucudCabcd = E Ξab, (6)
where hab = uaub− gab, ∇˜a = hba∇b, and Cabcd is the Weyl tensor, Ξab = hab−3ηaηb
with ηa =
√
hrrδar being the unit tangent vector along the radial rays (orthogonal to
ua and to the orbits of SO(3)). The scalars E and Σ in (6) are
Σ =
1
3
[
R˙
R
− R˙
′
R′
]
, E = −κ
6
ρ+
M
R3
. (7)
Since LTB models (as all spherically symmetric spacetimes) are LRS (locally
rotationally symmetric), they can be completely characterized by covariant scalars.
Considering (3), (5), (6) and (7), these are the local “fluid flow” scalars
{ρ, Θ, 3R, Σ, E}, (8)
whose evolution equations completely determine the dynamics of LTB models in the
fluid flow or “1+3” approach [31, 32], and thus provide an alternative approach to
that based on the analytic solutions of (2).
3. Quasi–local scalars and their fluctuations.
For every scalar function A in LTB models we define its quasi–local dual Aq as the
family of real valued functions Aq[t] : R+ → R given by ‡ §
Aq =
∫ r
0
AF dVp∫ r
0
F dVp
=
∫ r
0
AR2R′ dx∫ r
0
R2R′dx
, (9)
‡ This section provides the minimal background material to make this article as self–contained
as possible. The reader is advised to consult reference [30] for details on the quasi–local scalar
representation of LTB models.
§ Since it is clear that t is a fixed arbitrary parameter we will omit henceforth the notation [t] unless
it is needed.
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where the integration is along arbirtary slices 3T [t], with F ≡ (1 + E)1/2, dVp =√
habdrdθdϕ, and we are using the notation
∫ r
0
...dx =
∫ x=r
x=0
...dx. The quasi–local
scalars comply with the following properties
A′q = (Aq)
′ =
3R′
R
[A−Aq ] , (10a)
A(r)−Aq(r) = 1
R3(r)
∫ r
0
A′R3 dx. (10b)
Given the pair of scalars {A, Aq}, we define the relative fluctuations as
δ(A) ≡ A−Aq
Aq
=
A′q/Aq
3R′/R
=
1
Aq(r)R3(r)
∫ r
0
A′R3 dx, (11)
where we used (10a) and (10b).
3.1. Scaling laws and initial value functions.
The quasi–local scalars lead in a natural manner to an initial value parametrization of
LTB models, so that all quantities can be scaled in terms of their value at a fiducial (or
“initial”) slice 3Ti ≡ 3T [ti], where t = ti is arbitrary. Hence, the subindex i will denote
henceforth “initial value functions”, which will be understood to be scalar functions
evaluated at t = ti. This procedure suggests rephrasing the metric functions R and
R′ as dimensionless scale factors
L =
R
Ri
, Γ =
R′/R
R′i/Ri
= 1 +
L′/L
R′i/Ri
, (12)
leading to scaling laws for all covariant scalars, which now become functions of the scale
factors L, Γ and initial value functions. Considering the definition (9), the quasi–local
duals of ρ, Θ and 3R depend only on L and initial value functions
mq =
mqi
L3
=
M
R3
, (13)
kq =
kqi
L2
= − E
R2
, (14)
H2q =
L˙2
L2
=
R˙2
R2
= 2mq − kq = 2mqi − kqiL
L3
, (15)
where, to simplify the notation, we have introduced (and will use henceforth) the
definitions
2m ≡ κ
3
ρ, 2mq ≡ κ
3
ρq, k ≡
3R
6
, kq ≡
3Rq
6
, H ≡ Θ
3
, Hq ≡ Θq
3
. (16)
Scaling laws for the local scalars follow readily from (3) and (5) as:
m =
mqi
L3
[1 + δ(m)] =
mi
L3 Γ
, (17a)
k =
kqi
L2
[1 + δ(k)] =
ki
L2 Γ
[
1 +
Γ− 1
3 (1 + δ
(k)
i )
]
. (17b)
Since local fluid flow scalars in (8) are expressible in terms of mq, Hq and kq and their
fluctuations (11)
m = mq
[
1 + δ(m)
]
, H = Hq
[
1 + δ(H)
]
, k = kq
[
1 + δ(k)
]
, (18a)
Σ = −Hq δ(H), E = −mq δ(m). (18b)
Radial asymptotics of LTB dust models. 7
we get, with the help from (11), (13), (14) and (15), the scaling laws for the fluctuations
1 + δ(m) =
1 + δ
(m)
i
Γ
, (19a)
2
3
+ δ(k) =
2/3 + δ
(k)
i
Γ
, (19b)
2δ(H) =
2mq δ
(m) − kq δ(k)
2mq − kq =
2mqi δ
(m) − kqi Lδ(k)
2mqi − kqi L
=
2mqi [δ
(m)
i + 1− Γ]− kqi L [δ(k)i + 23 (1− Γ)]
[2mqi − kqiL] Γ , (20)
which allow us to obtain scaling laws for the local expansion scalar, H, and the scalar
function associated with the shear tensor, Σ.
We note that the scalars mq, Hq, kq and their fluctuations are covariant objects,
as M, E, R, R˙ = ua∇aR are invariants in spherically spacetimes [34]. Since the
conventional variables M and E depend only on r, it is convenient to define them as
initial value functions
M = mqiR
3
i , E = −kqiR2i . (21)
Given (12) and (21), the LTB metric (1) takes the form
ds2 = −c2dt2 + L2
[
Γ2R′i
2
dr2
1− kqiR2i
+R2i
(
dθ2 + sin2 θdφ2
)]
, (22)
The Friedman–like equation (2) now takes the form (15). Its solutions, are equivalent
to those of (2) in Appendix A, but now expressed in terms of L, mqi, kqi. These
solutions will be given explicitly in sections 9, 10 and 11. We can compute from these
solutions a scaling law for Γ.
3.2. Curvature singularities.
The scaling laws (13)–(20) clearly indicate the existence of two possible curvature
singularities whose coordinate locus is
L(t, r) = 0, central singularity (23a)
Γ(t, r) = 0 shell crossing singularity. (23b)
so that for reasonable initial value functions (bounded and continuous), all scalars
Aq = mq, kq, Hq diverge as L → 0, whereas local scalars A = m, k, H can also
diverge if Γ → 0 (even if L > 0). Notice that if Γ > 0, then all scalars A and Aq
only diverge at the central singularity L = 0, which is an intrinsice feature of LTB
models. However, if Γ → 0 for L > 0, then all the relative fluctuations δ(A) diverge
(with Aq 6= 0), so that local scalars A diverge while their quasi–local duals Aq remain
bounded. This is an obviously unphysical effect of shell crossings that must be avoided.
We will denote by “regular LTB models” all configurations for which shell crossing
singularities are absent, thus complying with
Γ > 0 ∀ (ct, r) such that L > 0 (24)
In order to test this regularity condition we need to compute Γ, which will be done
separately for parabolic, hyperbolic and elliptic models in sections 9, 10 and 11.
Radial asymptotics of LTB dust models. 8
4. A well behaved proper radial length.
In order to examine the radial dependence of scalar functions we need to define the
“radial direction” in precise and covariant terms. There is no inherent covariant
meaning in the radial coordinate. In fact, the metrics (1), (22) and hab are invariant
under arbitrary re–scalings r = r(r¯), indicating the existence of a coordinate gauge
freedom that can always be used, either to simplify computations or to eliminate any
initial value function by using it as radial coordinate. Yet, radial rays are geodesic
curves whose affine parameter is radial proper length, and so the radial dependence
of scalars at every individual 3T [t] acquires a covariant meaning by relating it to this
parameter.
The proper radial length along an arbitrary 3T [t] can be defined as the function
`[t] : R+ → R such that
`[t](r) =
∫ r
0
√
grr dx =
∫ r
0
R′
F dx =
∫ r
0
LΓ
R′i
F dx, (25)
where F ≡ √1 + E = [1− kqiR2i ]1/2, (26)
so that `[t](0) = 0 for all t. A well behaved proper length must necessarily satisfy
`(r) > 0 and ` ′(r) > 0 for r > 0 at all 3T [t], so that r2 > r1 ⇔ `(r2) > `(r1) at all
3T [t]. Considering (23a) and (24), these requirements are satisfied for regular radial
rays in regular LTB models if the following regularity condition among initial value
function holds
sign (R′i(r)) = signF(r). (27)
Thus, if Ri has a zero, it must be a common zero of F (and of the same order). While
proper length is the natural parameter to characterize radial dependence in a covariant
manner, it is not convenient to use it as a spacetime coordinate because in general:
` = `(t, r) (the same remark applies to another important scalar like R). Hence, for
practical reasons we need to describe the radial dependence of scalars in terms of their
radial coordinate. Since we can always use radial coordinate gauge freedom to fix Ri,
(27) can be understood as a consistency condition on the radial coordinate, so that it
effectively mirrors the dependence on proper radial length along radial rays.
Since (25) is valid for all 3T [t], then for regular LTB models (Γ > 0) the sign of
R′ is the same as the sign of R′i for all r. Therefore, as long as (27) holds, the radial
coordinate can be used to probe the radial profiles of scalars at an arbitrary 3T [t], as
these profiles will be qualitatively analogous to those with respect to `:
R′ =
∂R
∂`
` ′ =
∂R
∂`
R′
F ⇒ sign (R
′) = sign (∂R/∂`), (28a)
A′ =
∂A
∂`
` ′ =
∂A
∂`
R′
F ⇒ sign (A
′) = sign (∂A/∂`). (28b)
While a zero of A′ necessarily corresponds to a zero of ∂A/∂` at any individual 3T [t],
in time dependent scalars A = A(t, r), a zero of A′ can arise (in general) at different
values of r (or `) for different 3T [t], or it can arise in some of the 3T [t] and not in
others, all of this without violating (24), (27) or (28a)–(28b). As we mentioned above,
the case of R is different: a zero of R′ must be common to a zero of F , and so it
necessarily occurs at a fixed r and is common to all 3T .
Notice that (27) could be violated even if shell crossings are absent ((24) holds).
In these situations there would be a surface layer at the comoving worldline marking
the zero of R′i [8, 26]. It is evident that such a surface layer also implies an ill–defined
proper radial length.
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5. A regular asymptotic regime in the radial direction.
A radial asymptotic regime is associated with convergence and behavior of metric
functions and covariant scalars the limit ` → ∞ along radial rays in the space slices
3T (t). However, given the existence of (at least) one symmetry center, these slices
can be homeomorphic to either R3 (“open” models) or to S3 (“closed” models), which
must be elliptic because of (27). Since ` is everywhere finite in closed models, then
the limit ` → ∞ can only be realized in open models, which can be of all kinematic
classes (hyperbolic, parabolic or elliptic with −1 < E < 0). We will only consider
open models for the remaining of this article.
Assuming regular open models for which (24) and (27) hold, we will consider
the radial asymptotic regime as regular if the scalars {m, H, k} and {mq, Hq, kq}
converge to finite values as ` → ∞. If we adopt as a criterion to define a curvature
singularity that curvature scalars diverge if a given coordinate locus is reached by
geodesics in finite affine parameter values, and since ` is such a parameter, then there
would be no singularity (technically speaking) if these scalars diverge as `→∞. Also,
it is possible to conceive a situation in which k, H and their quasi–local duals diverge
(even at finite `) while the densities m, mq remain bounded, so that a singularity does
not arise because curvature scalars remain bounded (see [8] and Appendix A of [30]).
While these situations cannot be ruled out, we will exclude them from consideration
and will, nevertheless, assume henceforth that all covariant scalars (m, k, H and their
quasi–local duals) may only diverge at a central singularity (23a), remaining bounded
everywhere and also in the limit `→∞. ‖
5.1. Relation between ` and R.
Since R′ > 0 holds everywhere in open models and R is an important invariant scalar
involved in the definition of `, it is necessary to examine the relation between the
limits `→∞ and R→∞. We prove now the following
Lemma 1. Let `(r) given by (25) be the proper radial length along an
arbitrary 3T [t] homeomorphic to R3 in a regular LTB model, the limit
lim
`→∞
R(`) =∞, (29)
holds for all parabolic and hyperbolic models, and for elliptic models in which
F = √1 + E converges to a nonzero constant as `→∞.
Proof. As a consequence of (28a), we have
F(r(`)) = ∂R(`)
∂`
⇒ R(`) =
∫ `
0
F(¯`)d¯`, (30)
which is valid at each 3T [t] separately. Since F = 1 for parabolic models and
F ≥ 1 and F ′ ≥ 0 hold for all regular hyperbolic models, the result follows
directly from (30). For open elliptic models, F lies in the range 0 < F ≤ 1
with F(0) = 1. If F ′ ≤ 0 then as `→∞ we have F → F0 with 0 ≤ F0 < 1,
then (30) implies
F0 ` ≤ R(`) ≤ `, (31)
‖ The relative fluctuations δ(A) might diverge for finite r under regular conditions, see Appendix A4
of [30]
Radial asymptotics of LTB dust models. 10
and so the result follows. If F → 1 as ` → ∞, then F ′ must have a zero at
some r = rtv (which is a minimum of F because F(0) = 1), then F ≥ F(rtv)
holds for all r 6= rtv and F ′ > 0 for all r > rtv. In this case constraining
bounds similar to (31) can be constructed from (30) with F0 = F(rtv) and
the result follows. However, if F → 0 as `→∞, then (depending on how F
converges to zero) R might converge to a finite constant in this limit.
Corollary. If the limit (29) holds in one 3T [t], it must hold in all 3T [t]. The
proof is straightforward, since Lemma 1 is valid for arbitrary 3T [t]. Also,
the 3T [t] constitute a smooth foliation of LTB models and (if standard reg-
ularity holds) the rays in all 3T [t] are complete geodesics in the direction of
increasing `.
Lemma 2: (converse of Lemma 1). The limit
lim
R→∞
`(R) =∞ (32)
holds for all parabolic and elliptic models, and for all hyperbolic models in
which kq → constant as R→∞.
Proof. Since F is related to kq by (14) and (21), we can rewrite (25) (and
also (30)) along an arbitrary 3T [t] as
`(R) =
∫ R
0
dR
[1− kqR2]1/2 , (33)
where we now consider kq = kq(R) and we used the fact that dR = R
′dx is an
exact differential because t is kept constant as the integral in (25) is evaluated.
In parabolic models we have kq = 0 everywhere, so the result follows trivially
from (33). For open elliptic models, (33) implies that kqR
2 ≤ 1 must hold
for all R, which is equivalent to 1/F = [1 − kqR2]−1/2 ≥ 1. Therefore, we
have in general
`(R) ≥
∫ R
0
dR = R, (34)
and so `→∞ if R→∞. For hyperbolic models, (33) takes the form
`(R) =
∫ R
0
dR
[1 + |kq|R2]1/2 . (35)
It is evident then, that the integral in (35) converges only if |kq(R)| diverges,
hence `(R) will always diverge as R→∞ if |kq(R)| → constant in this limit.
Notice that this result is valid at individual (but arbitrary) 3T [t]. In general,
|kq(R)| would converge to a different constant in different 3T [t].
6. Radial asymptotics of local and quasi–local scalars.
Bearing in mind that we are only considering open models for which R′ > 0 holds
everywhere, then a convenient (and practical) way to choose the radial coordinate is
Ri(r) = R0 r, (36)
where R0 is a constant length scale. As a consequence of (36), radial dependence
becomes dependence on the initial value function Ri and R0 provides a characteristic
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length scale for the radial coordinate. Since (36) complies with (27), then r → ∞
implies ` → ∞ in all open models (including elliptic models for which R tends to a
finite constnt in this limit). Also, as a consequence of the corollary of Lemma 1, r →∞
also implies R → ∞ for all open models (save the above mentioned elliptic models).
Unless specified otherwise, we will henceforth assume that the radial coordinate has
been fixed by the gauge (36).
Assuming the coordinate gauge (36) and that (24) and (27) hold, we examine now
the relation between the radial asymptotic behavior of local and quasi–local scalars.
Lemma 3. The following result holds in any given 3T [t]
lim
r→∞A(r) = A0 ⇔ limr→∞Aq(r) = A0, (37)
where A0 is a constant.
Proof. We consider the case when A′ ≥ 0 for sufficiently large values of r.
The case when A′ ≤ 0 is analogous. If the limit of A as r → ∞ is A0, then
for all  > 0 there exists u() such that A0 −  < A(r) < A0 holds for all
r > u(). Constraining A by means of this inequality in the definition of Aq
in (9) leads immediately to A0−  < Aq(r) < A0, hence Aq → A0 as r →∞.
The converse result follows from (10a).
The following results follow trivially from Lemma 3:
Corollary 1: A′q → 0 and A′ → 0 both hold as r →∞.
Corollary 2: Aqδ
(A) = A−Aq → 0 as r →∞.
Since we have assumed that (27) holds, these results are valid as ` → ∞ along
individual but arbitrary 3T [t], though the constant A0 will be different at different
3T [t] and (in general) A0 = A0(t). These results are useful because it is easier to probe
the asymptotics on the quasi–local scalars Aq first, as they satisfy less complicated
scaling laws (that do not involve Γ) and the analytic solutions are given in terms of
mqi and kqi. Once we have worked out the Aq, the asymptotic behavior of the A
follows from Lemma 3 and its corollaries.
6.1. The relative fluctuations δ(A).
Lemma 3 yields the following general result:
Corollary 3 of Lemma 3: If A → A0 6= 0 (or, equivalently, Aq → A0 6= 0)
as r → ∞ in an arbitrary 3T [t], then δ(A) → 0 in this limit, irrespective of
how fast or slow A and Aq converge to A0. The proof follows directly from
Corollary 2 of Lemma 3.
However, if A → 0 as r → ∞, then this corollary no longer applies. The limit value
of δ(A) in this case is not (necessarily) zero, but depends on the specific asymptotic
form in which A and Aq decay to zero.
7. Asymptotics of initial value functions.
The results proven so far are valid at individual (but arbitrary) 3T [t]. However, it is
very difficult to actually test them because we need to evaluate the involved scalars
as functions of r for arbitrary fixed t. With the exception of parabolic models, this is
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very hard because L is, in general, given implicitly in the solutions of the Friedman–
like equation (15) (equivalent to (2)). However, the coordinate gauge (36) provides a
simple relation between Ri and r, and this allows us to obtain general analytic results
on the asymptotic behavior of the initial value functions Ai, Aqi and their fluctuations
δ
(A)
i . As we show in sections 9, 10, 11 and 12, these analytic expressions yield analytic
forms for the asymptotic behavior of these variables for t 6= ti.
7.1. Asymptotics of the δ
(A)
i
In order to obtain the limit of the δ
(A)
i when A,Aq → A0 = 0, we need to make specific
assumptions on the convergence of these scalars to zero.
Uniform asymptotic convergence. Let Ai and A˜i be smooth integrable scalar
functions on 3T [ti] both tending to zero as r →∞. The scalar Ai uniformly
converges asymptotically to A˜i if for every  > 0 there exists a real positive
number y, such that |Ai − A˜i| <  for all r > y. We denote this convergence
by Ai ∼ A˜i. Notice that this definition is also applicable to the quasi–local
scalars Aqi converging asymptotically to a function A˜qi.
We can assume a given asymptotic convergence either for Ai or for Aqi. We
show bellow how prescribing Aqi we obtain Ai and δ
(A)
i . The alternative approach
(prescribing Ai to obtain Aqi and δ
(A)
i ) is discussed in Appendix B.
It follows directly from the definition of uniform asymptotic convergence that if
Aqi ∼ A˜qi then A′qi ∼ A˜′qi holds for r > y. Therefore, considering (10a) and (11), if
we assume Aqi ∼ A˜qi we obtain
Ai ∼ A˜qi +
A˜′qi
3R′i/Ri
= A˜qi +
r A˜′qi
3
, (38a)
δ
(A)
i ∼
A˜′qi/A˜qi
3R′i/Ri
=
r˜ A′qi
3 A˜qi
. (38b)
where we eliminated Ri from (36).
7.2. Initial density
While a non–negative mqi is an initial value function of LTB models of all kinematic
classes (parabolic, hyperbolic or elliptic), the sign and regularity conditions associated
with the quasi–local spatial curvature, kqi, depends on the kinematic class. Hence, we
examine in this subsection the admissible forms of asymptotic convergence for mqi,
leaving the discussion for the convergence of kqi for sections 10 and 11 that deal with
the asymptotics of hyperbolic and open elliptic models.
For whatever form we might choose for the asymptotic convergence of mi or mqi,
we must be very careful that both of these densities remain non–negative, which (if
standard regularity holds and from the scaling laws (13) and (17a)) implies that mq
and m are also non–negative at all 3T [t]. Since mqi appears as initial value function
in the analytic solutions in our parametrization of the models (see [30]), we examine
specific asymptotic convergence forms for it.
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Considering (38a), the asymptotic convergence forms for mqi in which both mi
and mqi remain non–negative everywhere are:
Logarithmic: mqi ∼ m0/ ln rα, (α > 0) M ∼ m0R30r3/ ln rα, (39a)
Power law: mqi ∼ m0r−α (0 ≤ α ≤ 3), M ∼ m0R30r3−α. (39b)
For the power law (39b) with α = 0, we have mqi ∼ m0, and so Lemma 3 yields
mi ∼ m0 and δ(m)i ∼ 0. For (39b) with α > 0 and for (39a) mqi → 0, and so Lemma
3 also implies mi → 0, but the asymptotic behavior of mi is not identical. We have
from (38a)–(38b):
Power law: mi ∼ m0
(
1− α
3
)
r−α, δ(m)i ∼ δ˜(m)i = −
α
3
. (40a)
Logarithmic: mi ∼ m0(3 ln r − 1)
3α ln2 r
, δ
(m)
i ∼ δ˜(m)i = −
1
3 ln r
→ 0. (40b)
Notice that a power law with α > 3 in (39b) implies that mi in (40a) becomes
negative for sufficiently large r, though it remains close to zero and (from Lemma
3) it still tends to zero as r → ∞. The same would happen for an exponential decay
mqi ∼ m0 exp(−αr). This undesirable behavior is consistent with the asymptotic
forms for M in (39a)–(39b), since standard regularity requires this function to be
monotonously increasing, thus admitting for mqi only a power law decay with α ≤ 3
or a slow logarithmic decay. The fact that mi < 0 happens for steeper decays of mqi
follows because mi ≤ mqi holds for r > y if the radial gradients are negative in this
range, thus, if mqi becomes very close to zero in a very steep decay it may force mi
to become negative (but close to zero).
While not all assumptions on the decay of mqi to zero yield a positive local density
mi, all assumptions on the decay of mi → 0 necessarily yield mi and mqi positive in
the full range r > y. This is so because mqi ≥ mi ≥ 0 holds in this range (as m′i and
m′qi are negative, see (10a)). We discuss this issue in Appendix B.
8. Asymptotic limits and asymptotic states.
We explore now the asymptotic behavior of regular LTB models along radial rays of
arbitrary 3T [t] (i.e. t 6= ti arbitrary and finite), and looking at parabolic, hyperbolic
and elliptic models separately. This involves evaluating asymptotic series expansions
of the metric functions and covariant scalars around their limit r → ∞, under
the assumption that the initial value functions mqi and kqi converge to admissible
forms of uniform asymptotic convergence summarized in tables 1 and 2, and given
explicitly by (39a)–(39b) and (see section 10 and 11) (59a)–(59b) and (94a)–(94b).
Since every LTB model can be completely determined by mqi and kqi (assuming
the gauge (36)), once we assume admissible convergence forms for these initial value
functions, we can find asymptotic convergence forms and asymptotic series for the
metric functions L, Γ, the scalars mq, Hq, kq, their fluctuations δ(m), δ(H), δ(k), as
well as local scalars m, H, k and other auxiliary quantities (M, E, tbb, etc). All this
information completely characterizes an “asymptotical state” for every class of models
based on a specific assumption on the convergence forms of mqi and kqi and the
kinematic class (parabolic, hyperbolic and elliptic).
The resulting limits and expansions in the characteristic functions contained in the
asymptotic states will be compared to the equivalent parameters in those spacetimes,
listed in Appendix C, that are particular and limiting cases of LTB models, namely:
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dust FLRW cosmologies, Schwarzschild–Kruskal, Minkowski (including Milne) and
self–similar LTB solutions. The radial asymptotics of specific classes of LTB models
can be then characterized on the basis of this comparison, which we express below
more precise terms:
Let {M, g} be an LTB model manifold with metric g given by (22), with
{M(0), g¯(0)} being the spacetime manifold and metric of any one of the par-
ticular cases listed in Appendix C. Let X = {L, Γ, A, Aq}, where A, Aq
denote the scalars m, k, H and mq, kq, Hq in {M, g}, with X(0) being the
equivalent set of functions in {M(0), g(0)}.
Definition. We shall say that {M, g} is radially asymptotic to {M(0), g¯(0)}, or
that {M, g} converges asymptotically to {M(0), g¯(0)} in the radial direction,
if the series expansion for every function in X around its limit as r → ∞
coincides with its equivalent function in X(0) up to leading terms.
Since it is clear that we are considering asymptotic behavior along radial rays, we
will simply state that a given LTB model or class of models is “asymptotic to” or
“converges to” a given particular case. Notice that it is sufficient to evaluate the limit
as r → ∞ for the quasi–local scalars Aq, as (from Lemma 3) this limit will be the
same for the local scalars A.
However, the evaluation of the strict limit as r →∞ of the functions in X is not
sufficient to characterize the asymptotic behavior of a given class of LTB models, since
the same limit can correspond to different asymptotic expansions and convergences.
For example, the limit as r →∞ of the metric (22) of some LTB models can coincide
with a Minkowski metric in spherical coordinates (L,Γ → 1), but if we consider
the expansions of L and Γ around this limit, the metric of these models could become
equivalent (up to leading terms in the expansions) to the metric of an LTB self–similar
solution or a section of Schwarzschild–Kruskal spacetime (whose metrics themselves
have a Minkowski limit as r → ∞). In order to distinguish these cases, we need to
consider all metric functions and scalars in X, evaluate their asymptotic expansions
(asymptotic state) and compare them (up to leading terms) with the functions and
X(0). Notice that Another point that needs explaining is why we did not include
the fluctuations in the set X in the convergence criterion above. The reason is that
A → 0 (or equivalently Aq → 0) as r → 0 implies (in general) a nonzero limit for
δ(A), while the equivalent of δ(A) in X(0) could be identically zero. This can happen
when X(0) is associated with a Minkowskian particular case, for which m = mq = 0
holds identically, but then we have mq → 0 and m → 0 in an LTB model converging
to this particular case, and thus δ(m) does not tend to zero. However, the asymptotic
convergence is well characterized because the nonzero limit of δ(m) is consistent with
mq → 0 as r → ∞. A summary of the asymptotic behavior for different classes of
LTB models obtained in sections 9–12 is given in section 13.
9. Radial asymptotics of parabolic models.
For kqi = 0 the Friedmann–like equation (15) yields a closed analytic expression for L
L =
[
1 +
3
2
√
2mqi c(t− ti)
]2/3
, (41)
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which is equivalent to the parametric solution (A.1), and we are only considering
expanding configurations (L increases for t > ti). The bang time, tbb, follows by
setting L = 0 and t = tbb in (41)
ctbb = cti − 2
3
√
2mqi
= cti − 2
3Hqi . (42)
By differentiating (41) and from (12), we obtain
Γ = 1 + δ
(m)
i −
δ
(m)
i
L3/2
. (43)
Since kqi = ki = 0 and Ri has been fixed by (36), the only initial value functions
are mqi and δ
(m)
i . Necessary and sufficient conditions to fulfill (24) (absence of shell
crossings) are given by the Hellaby–Lake conditions, which for parabolic models and
in terms of our initial value functions takes the form [30]
− 1 ≤ δ(m)i ≤ 0, (44)
which from (11) implies m′qi ≤ 0, so that mqi tends to zero or to a nonzero constant and
its admissible asymptotic forms (preventing a negative mi) are given by (39a)–(39b).
Assuming an asymptotic convergence mqi ∼ m˜qi given by either one of (39a) or
(39b) the asymptotic convergence for L follows from (41) as
L ∼ L˜ =
[
1 +
3
2
√
2m˜qi c(t− ti)
]2/3
, (45)
Considering (13), (15), (21) and (42) we get
Hq ∼ H˜q =
√
2m˜qi
L˜3/2
, mq ∼ m˜q = m˜qi
L˜3
. (46a)
M ∼ M˜ = m˜qiR30 r3, ctbb ∼ cti −
2
3
√
2m˜qi
. (46b)
These asymptotic forms are valid for any regular parabolic model, while (from Lemma
3) the limits of m, H as r → ∞ are the same as those of mq, Hq. Also, Lemmas 1
and 2 imply that R→∞ for all regular initial value functions. The asymptotic limits
and states depend on the choice of mqi. Figures 1a and 1b depict the domain in the
(ct, r) plane parabolic models with asymptotic limit to FLRW and Minkowski.
9.1. Parabolic models asymptotic to spatially flat FLRW.
If mqi → m0 > 0, so that m˜qi = m0 (the power law form (39b) with α = 0), then
δ
(m)
i → 0 as r →∞ follows from the corollary 3 of Lemma 1. We have the asymptotic
convergence forms
L ∼ L˜(t) =
[
1 +
3
2
√
2m0 c(t− ti)
]2/3
, Γ ∼ 1 (47a)
Hq ∼ H˜q =
√
2m0
L˜3/2(t)
, mq ∼ m˜q = m0
L˜3(t)
, δ(m) ∼ 0, (47b)
M ∼ M˜ = m0R30 r3, ctbb ∼ ct˜bb = cti −
2
3
√
2m0
= const.. (47c)
so that
L→ L˜(t), Γ→ 1, mq → m˜q(t), Hq → H˜q(t), δ(m) → 0, δ(H) → 0. (48)
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Since δ
(m)
i and δ
(m) tend to zero and Γ → 1, then m → mq and H → Hq (which
is consistent with Lemma 3). It is evident that the asymptotic state from these
expansions is consistent with the corresponding parameters of a spatially flat dust
FLRW model (see equations (C.1)–(C.3)).
9.2. Minkowski limit and its asymptotic states.
If mqi ∼ m˜qi → 0 as r →∞, then (45) and (43) yield
L ∼ L˜ ≈ 1 +√2m˜qi c(t− ti), Γ ∼ Γ˜ ≈ 1 + 3
2
δ˜
(m)
i
√
2m˜qi c(t− ti). (49)
where we have written “≈” (instead of “∼”) because we used the approximation
(1 + )2/3 ≈ 1 + (2/3), valid for   1. The power law decay of mqi is useful to
illustrate the asymptotic convergence forms for the remaining quantities. Considering
(39b) with 0 < α ≤ 3, we obtain
Hq ∼ H˜q =
√
2m0r
−α/2
L˜3/2
→ 0, mq ∼ m˜q = m0 r
−α
L˜3
→ 0, (50a)
δ
(m)
i ∼ δ˜(m)i = −α/3, δ(m) ∼ δ˜(m) = −α/3, 2δ˜(H) ≈ −
α
3
. (50b)
M ∼ M˜ = m0R30 r3−α, ctbb ∼ cti −
2rα/2
3
√
2m0
→ −∞, (50c)
where we used (19a) and (20). From Lemma 3 we have m → 0 and H → 0, which
agrees with (18a). If we only consider the limit as r →∞, then m˜qi → 0 clearly implies
a Minkowski limit, since L → 1 and Γ → 1 transforms the LTB metric (22) (with
kqi = 0) into a Minkowski metric in spherical coordinates. The fact that δ
(m), δ(H)
tend to a nonzero value is consistent with mq, Hq tending to zero (as corollary 3 of
Lemma 3 does not apply). If mqi decays logarithmically as in (39a), we obtain the
same Minkowski limit, but with fluctuations δ(A) now also tending to zero.
The asymptotic states of parabolic LTB models with m˜qi → 0 are:
• Asymptotic to spatially flat self similar solution. If α = 2, then L˜ = L˜(ζ), where
ζ = c(t− ti)/r is the self–similar variable in (C.17). It is evident that the metric
and all functions asymptotically converge to their respective forms in the spatially
flat self–similar solution given by (C.14), (C.15), (C.17)–(C.19) with k0 = 0, which
is the case E = 0 in equation (2.29) of [36] (see also pages 344–345 of [3] and
[10]). Notice that parabolic LTB models with this asymptotic behavior are not
self–similar solutions, they only converge to a self–similar solution as r → ∞
along the 3T [t]: the latter solution only follows if mqi = m0 r−2 holds exactly in
all the domain of r.
• Asymptotic to Schwarzschild–Kruskal. If α = 3, then a comparison with
(C.10), (C.11) and (C.12) implies that we have an asymptotic convergence to
Schwarzschild–Kruskal solution in spatially flat comoving coordinates (Lemaˆıtre
coordinates, see page 332 of [3]). This convergence is consistent with M ∼
m0R
3
0 = constant, as opposed to M diverging for α < 3. Notice that δ
(m) → −1,
hence m = mq(1 + δ
(m)) converges to zero much faster than mq ∼ m0R30/R3.
• Asymptotic to Minkowski in generalized Milne coordinates. If α 6= 2, 3, then
comparison of L˜ in (49) and (C.6) shows an asymptotic state compatible with
that of a locally Minkowski spacetime in coordinates that generalize Milne’s.
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However, the form (49) does not not follow from the particular solution with
M = mqi = 0 in (A.6). Rather, we have an asymptotic state compatible with a
section of Minkowski, but one based on expansions around an asymptotic limit
mqi = 0 in models (parabolic) for which mqi is not strictly zero but kqi = 0
holds everywhere. This Minkowsky asymptotic state occurs also for hyperbolic
and elliptic models converging to a parabolic model (see sections 10 and 11).
10. Radial asymptotics of hyperbolic models.
Analytic solutions for hyperbolic models follow from solving the Friedman–like
equation (15) for kqi < 0. These solutions are equivalent to those of (2) given by
(A.2) and (A.2) in parametric and implicit form. We will work with the implicit form
given in terms of our variables by
φ = Zh(xiL), (51)
where Zh is the function
u 7→ Zh(u) = u1/2 (2 + u)1/2 − arccosh(1 + u). (52)
and
φ ≡ φ(t, xi, yi) = yi c(t− ti) + Zh(xi), (53a)
xi =
|kqi|
mqi
, yi =
|kqi|3/2
mqi
. (53b)
The bang time emerges from setting L = 0 in (51) as the following function of mqi
and |kqi|:
ctbb = cti − Zh(xi)
yi
. (54)
The metric function Γ follows from (51) by implicit derivation since it is related to
L′/L by (12). The result is
Γ = 1 + 3(δ
(m)
i − δ(k)i )
(
1− HqHqi
)
− 3Hq c(t− ti)
(
δ
(m)
i −
3
2
δ
(k)
i
)
, (55)
where Hq and Hqi follow from (15), while c(t − ti) is given by (51) and (53a). The
Hellaby–Lake conditions [8, 30, 35] to fulfill the condition (24) for absence of shell
crossings are given in terms of initial value functions by [30]
ct′bb ≤ 0, δ(k)i ≥ −
2
3
, δ
(m)
i ≥ −1, (56)
where
ct′bb
3R′i/Ri
=
δ
(m)
i − δ(k)i
Hqi − c(ti − tbb)
(
δ
(m)
i −
3
2
δ
(k)
i
)
, (57)
follows by differentiating (54).
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Section 10.3 Section 10.4 Section 10.5
m˜qi |k˜qi| x˜i x˜i → 0 x˜i →∞ x˜i → x0
PL PL x0 r
α−β 0 ≤ α < β ≤ 2 0 ≤ β < α ≤ 3 0 ≤ α = β ≤ 2
PL LOG x0 r
α/ ln rβ α = 0 0 < α ≤ 3
β > 0 β > 0
LOG PL x0 r
−β ln rα 0 < β ≤ 2 β = 0
α > 0 α > 0
LOG LOG x0 α/β α, β > 0
Table 1. Combinations of the admissible asymptotic convergence forms
for hyperbolic models. The table presents the asymptotic convergence of
x˜i = |k˜qi|/m˜qi for the four possible combinations of the forms m˜qi and |k˜qi| in
(39a)–(39b) and (59a)–(59b). The terms “PL” and “LOG” stand for “power law”
and “logarithmic” decay forms, respectively given by (39a), (59a) and (39b), (59b).
The behavior of x˜i examined in sections 10.3–10.5 follows from the restrictions
on the parameters α, β, hence the results of these sections can be readily applied
to initial value functions having each asymptotic convergence form.
10.1. Initial negative curvature
It is evident from (11), (21) that the profile and asymptotic convergence of the initial
value function kqi < 0 in a hyperbolic model is restricted by the second regularity
condition in (56), which for a negative kqi necessarily implies that E = F2 − 1 =
−kqiR20r2 must be monotonously increasing (and that ki < 0). In order to examine
the case kqi < 0, we remark (see (11)) that
sign(δ(k)) = sign(k′q/kq). (58)
Hence, δ(k) has the same sign in the combination kq ≤ 0, k′q ≥ 0 as in kq ≥ 0, k′q ≤ 0.
As a consequence, if we assume that kqi < 0 holds everywhere (with possibly kqi → 0
asymptotically), then we can examine negative spatial curvature by applying (40a)–
(40b) directly to |kqi|. Considering all these points together with (21) and (36), the
asymptotic forms of |kqi| and E compatible with standard regularity conditions and
with a well defined asymptotic radial range (r →∞⇒ ξi →∞) are
|kqi| ∼ k0/ ln r, δ˜(k)i → 0, E ∼ k0R20 r2/ ln r, (59a)
|kqi| ∼ k0r−β (0 ≤ β ≤ 2), δ˜(k)i → −
β
3
, E ∼ k0R20 r2−β . (59b)
where k0 > 0 is a constant. Notice that |kqi| ∼ k0 (or β = 2) allows for both an
increasing k′qi > 0 or decreasing k
′
qi < 0 behavior, though (from Lemma 3) k
′
qi → 0 as
r →∞ and |kqi| → k0. In both cases (59a) and (59b) we have |kqi| decaying to zero.
The asymptotic forms of the local curvature |ki| are analogous to those of |kqi| given
above, since the allowed decay forms are not steeper than r−3 (see Appendix B).
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10.2. Asymptotic approximations for the analytic solutions
There is no closed explicit form for L as (41), hence we must work with the implicit
solutions (51), with the correspondence rule of the function Zh given by (52). Since the
admissible forms in (59a)–(59b) imply that |kqi| is bounded in the radial asymptotic
regime, then the radial asymptotic behavior of φ = Zh(xiL) depends on the behavior
of xi in this regime, which in turn depends on the choice of initial value functions mqi
and |kqi|. Since Zh is a monotonously increasing function of its arguments, then (51)
implies
xi → 0 ⇒ Zh(xi)→ 0 ⇒ φ→ 0 ⇒ Zh(xiL)→ 0, (60a)
xi →∞ ⇒ Zh(xi)→∞ ⇒ φ→∞ ⇒ Zh(xiL)→∞, (60b)
while, another possibility is given by
xi → x0 = const., φ→ |kqi|1/2 x0 c(t− ti) + Zh(x0)→ Zh(x0L). (61)
The three patterns outlined by (60a)–(60b) and (61), and listed in the 4th, 5th and 6th
columns of table 1, provide all possible combinations of asymptotic behavior of regular
hyperbolic models in terms of their initial conditions (through xi). It is possible to
apply appropriate approximations for each one of these cases in order to obtain L,
which follows by inverting (51)
L =
Z−1h (φ)
xi
. (62)
Given an asymptotic form for L obtained in terms of admissible convergence forms of
mqi and |kqi| in (39a)–(39b) and (59a)–(59b), we can obtain asymptotic convergence
(or approximated) forms for the remaining quantities. We examine separately the
asymptotic behavior associated with each of the three cases (60a)–(60b) and (61),
each one listed in the fourth, fifth and sixth columns of table 1. Figures 1a and
1b respectively depict the domain in the (ct, r) plane of hyperbolic models with
asymptotic limit to FLRW and Minkowski.
10.3. Matter dominated asymptotics: convergence to parabolic models.
If mqi dominates over |kqi| in the limit r →∞, then xi → 0 and we have the situation
described by (60a). Hence, we can consider the following approximation for Zh
Zh(u) ≈
√
2
3
u3/2 −
√
2
20
u5/2 for u ≈ 0, (63)
where we use the sign “≈” to distinguish this approximation from the approximations
that follow from assumptions on uniform asymptotic convergence (“∼”) on the initial
value functions. Applying (63) (up to the leading term) to Zh(xi) and Zh(xiL) in
(51), and considering that mqi ∼ m˜qi and |kqi| ∼ |k˜qi|, yields
L ∼ L˜ ≈
[
1 +
3
2
√
2m˜qi c(t− ti)
]2/3
, (64)
which coincides with the form of L˜ in (45), though now L does not (necessarily)
converge uniformly to L˜, but approximates it up to a certain order related to the
convergence of xi to zero (hence this approximation depends also on assumptions on
|kqi|, which is strictly zero in parabolic models). Nevertheless, (64) indicates that
hyperbolic models with initial conditions in which xi → 0 converge to a parabolic
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model. Though, we have now |kqi| 6= 0, hence the asymptotic state might not define
a general parabolic model and the forms of the involved quantities should not be
identical to those of parabolic models in the previous section. In order to discuss
these issues, we examine below the two types of asymptotic states associated with
(64) that emerge from the form of m˜qi:
• Asymptotic to spatially flat FLRW.
If mqi ∼ m0 > 0 (the power law form (39b) with α = 0, see top entry in the
fourth column of table 1), then δ
(m)
i → 0 and (64) yields L ≈ L˜(t) with L˜(t)
given by (47a), which is the scale factor of a spatially flat FLRW dust model.
The conventional variables M, E and tbb have the asymptotic forms
M ∼ m0R30r3, E ∼ |k˜qi|R0r2, ctbb ∼ cti −
2
3
√
2m0
→ const. (65)
where |k˜qi| can take the power law form (59b) with β > 0 or the logarithmic decay
(59a). Since L˜(t) is constant along the 3T [t] and |kqi| → 0, then the asymptotic
forms of the remaining time–dependent scalars follow from series expansions of
(13), (14), (15), (19a), (19b), (20) and (55) around |kqi| ∼ |k˜qi|, leading up to
order |˜kqi| to
mq ≈ m0
L˜3
, |kq| ≈ |k˜qi|
L˜2
→ 0, Hq ≈
√
2m0
L˜3/2
(
1 +
|k˜qi|L˜
4m0
)
→
√
2m0
L˜3/2
, (66a)
Γ ≈ 1 + 3 (L˜
5/2 − 1) |k˜qi|δ˜(k)i
4m0 L˜3/2
→ 1, δ(m) ≈ −3(L˜
5/2 − 1) |k˜qi|δ˜(k)i
4m0 L˜3/2
→ 0, (66b)
δ(k) ≈ δ˜(k)i −
(2 + 3δ˜
(k)
i ) (L˜
5/2 − 1) |k˜qi|δ˜(k)i
4m0 L˜3/2
→ δ˜(k)i , (66c)
2δ(H) ≈ 1
2
(
1− 3(L˜
5/2 − 1)
2L˜5/2
)
L˜ |k˜qi|δ˜(k)i
m0
→ 0. (66d)
where |k˜qi|, δ˜(k)i can take any of the admissible asymptotic forms (59a)–(59b).
The fact that, as r → ∞, we have mq, Hq tending to time dependent forms,
while Γ → 1 and δ(k) tends to a perturbative term, clearly shows that these
hyperbolic models are asymptotic to the spatially flat FLRW dust cosmology.
• Asymptotic limit to Minkowski.
If m˜qi → 0 and |k˜qi| → 0, following either power law decays with 0 < α < β or
any combination of power law and logarithmic decay, as given by (39a)–(39b) and
(59a)–(59b), we have the cases listed in the fourth column of table 1 (excluding
the case PL–PL with α = 0). For all these combinations of m˜qi → 0 and |k˜qi| → 0
(64) becomes as r →∞
L˜ ≈ 1 +√2m˜qi c(t− ti)→ 1, (67)
where we used (1 + )2/3 ≈ 1 + 2/3, which holds for   1. The conventional
variables M, E and tbb take the asymptotic forms
M ∼ m˜qiR30r3, E ∼ |k˜qi|R0r2, ctbb ∼ cti −
2
3
√
2m˜qi
→ −∞. (68)
Hyperbolic models with these initial value functions converge to parabolic models
whose asymptotic limit is Minkowski (see previous section), but they do not
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converge to a general parabolic model of this type. This point can be better
illustrated by considering a power law decay for both m˜qi and |k˜qi| as in (39b)
and (59b) (see the case PL–PL in the top entry of fourth column of table 1 with
α > 0). Since we must have α < β for xi → 0 to hold, then there cannot be a
convergence to parabolic models for which 2 < α ≤ 3 holds because regularity
conditions imply β ≤ 2.
The scalars mq and |kq| and Hq take the forms
mq ≈ m˜qi
L˜3
→ 0, |kq| ≈ |k˜qi|
L˜2
→ 0, |kq|
mq
≈ |k˜qi|
m˜qi
→ 0, (69a)
Hq ≈
√
2m˜qi
L˜
(
1 +
x˜i
4
)
≈√2m˜qi [1−√2m˜qic(t− ti) + x˜i
4
]
→ 0, (69b)
where L˜ is given by (67). Considering the expansions above and only terms linear
in
√
m˜qi or x˜i, and since
√
1 + x˜i/2 ≈ 1 + x˜i/4 holds for xi  1, we obtain up
to leading order
Γ ≈ 1 + 3
2
√
2m˜qi c(t− ti) δ˜(m)i → 1, (70a)
δ(m) ≈ δ˜(m)i −
3
2
√
2m˜qi c(t− ti) δ˜(m)i (1 + δ˜(m)i )→ δ˜(m)i , (70b)
δ(k) ≈ δ˜(k)i −
1
2
√
2m˜qi c(t− ti) δ˜(m)i (2 + 3δ˜(k)i )→ δ˜(k)i , (70c)
2δ(H) ≈ δ˜(m)i −
3
2
√
2m˜qic(t− ti)δ˜(m)i (1 + δ˜(m)i )− (δ˜(m)i − δ˜(k)i )
x˜i
2
→ δ˜(m)i . (70d)
where the asymptotic convergence form of δ˜
(m)
i , δ˜
(k)
i depends on the choice of
m˜qi, |k˜qi| in (39a)–(39b) and (59a)–(59b).
10.4. Vacuum dominated asymptotics.
Consider now the case when |kqi| dominates over mqi in the limit r → ∞, so that
xi → ∞ and we have the situation described by (60b), with initial value functions
listed in the fifth column of table 1. We can consider then the following approximation
for Zh
Zh(u) ≈ u− ln(u) ≈ u for u 1, (71)
where, as in the previous subsection, we distinguish this approximation from that
following a given assumption of uniform asymptotic convergence on the initial value
functions (hence the sign “≈”). Applying (71) (up to the leading term) to Zh(xi) and
Zh(xiL) in (51), and considering that mqi ∼ m˜qi and |kqi| ∼ |k˜qi|, yields
L ∼ L˜ ≈ 1 + |k˜qi|1/2 c(t− ti), (72)
so that L approximates the solution of the equation L˙2 = |kqi|, which is the Friedman
equation (15) with mq = 0 and kq < 0, or equivalently, the solution of (2) in (A.6)
with M = 0 and E > 0. From (C.5)–(C.9) in Appendix C2, these LTB models
are the solutions [s2] in [8], and are locally Minkowskian (equivalent to sections of
Minkowski spacetime parametrized by non–standard coordinates that generalize the
Milne universe). Evidently, hyperbolic models characterized by initial value functions
complying with xi →∞ converge in the radial direction to these Minkowskian sections.
Notice that kq < 0 does not imply that spacetime curvature is nonzero, as kq is the
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quasi–local dual to the spatial curvature (k) of the 3–dimensional slices 3T [t]. The
3–dimensional scalar curvature of these hypersurfaces can be non–trivial, even in a
vacuum flat Minkowski space. On the other hand, mq is associated with a source m
appearing in T ab and generating spacetime curvature. If |kqi| dominates over mqi in
the asymptotic radial range, then the frame dependent kinematic effects of the spatial
curvature play the major role in the behavior of all incumbent scalars in this range.
The spatial curvature dominated hyperbolic models lead to the following
asymptotic states depending on the convergence of the initial value function |kqi|:
• Asymptotic to a Milne Universe.
If |kqi| ∼ k0 > 0 (which corresponds to the power law form (59b) with β = 0),
while m˜qi → 0 has any of the forms (39a)–(39b) with α > 0, then (72) becomes
L ≈ L˜(t) = 1 +
√
k0 c(t− ti), (73)
while the conventional variables take the asymptotic form
M ∼ m˜qiR0r3, E ∼ k0R20r2, ctbb ≈ cti −
1√
k0
→ const. (74)
By comparing with (C.7)–(C.9), it is evident that hyperbolic models with these
initial value functions converge to the locally Minkowskian Milne universe.
Bearing in mind that L˜ = L˜(t) and mqi → 0, then the asymptotic forms of
the remaining time–dependent scalars follow from series expansions of (13), (14),
(15), (19a), (19b), (20) and (55) around m˜qi = 0. We obtain up to leading order
in m˜qi the following forms similar to (66a)–(66d)
mq ≈ m˜qi
L˜3
→ 0, |kq| ≈ k0
L˜2
, Hq ≈
√
k0
L˜
(
1 +
m˜qi
k0 L˜
)
→
√
k0
L˜
, (75a)
Γ ≈ 1− 3c(t− ti)δ˜
(m)
i m˜
2
qi
k
3/2
0 [1 +
√
k0c(t− ti)]2
→ 1, (75b)
δ(m) ≈ δ˜(m)i +
3c(t− ti)δ˜(m)i (1 + δ˜(m)i ) m˜2qi
k
3/2
0 [1 +
√
k0c(t− ti)]2
→ δ˜(m)i , (75c)
δ(k) ≈ 2c(t− ti)δ˜
(m)
i m˜
2
qi
k
3/2
0 [1 +
√
k0c(t− ti)]2
→ 0, (75d)
2δ(H) ≈ 2δ˜
(m)
i m˜qi
k0 [1 +
√
k0c(t− ti)]
→ 0. (75e)
where m˜qi, δ˜
(m)
i can take any of the admissible asymptotic forms (39a)–(39b)
with α > 0.
• Asymptotic to a generalized Milne universe.
If xi diverges as r →∞, but both m˜qi, |k˜qi| given by (39a)–(39b) and (59a)–(59b)
tend to zero in this limit, we have the case listed in the fifth column of table 1 (of
course, excluding the Milne universe discussed above, hence α, β > 0 necessarily
holds). As a consequence, L takes the form (72), which implies L ∼ L˜ → 1 as
r → ∞. The functions M and E take the forms in (68) with the appropriate
values of α, β > 0, while tbb takes the asymptotic form
ctbb ≈ cti − 1|k˜qi|1/2
→ −∞, (76)
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Hyperbolic models with these initial value functions converge to generalized
versions of the Milne universe (case [s2] in [8]). The scalars mq and kq are given
by the same expressions as in (69a), but with L˜ given by (72) and m˜qi, |k˜qi|
complying with x˜i = |k˜qi|/m˜qi → ∞. The scalar Hq in (15) takes the following
asymptotic form
H˜q ≈ |k˜qi|
1/2
L˜
(
1 +
2
x˜i L˜
)1/2
≈ |k˜qi|
1/2
L˜
(1 + χ˜i)
≈ |k˜qi|1/2
[
1− |k˜qi|1/2c(t− ti) + χi
]
→ 0, (77a)
with χi ≡ 1
x˜i L˜
≈ 1
x˜i
. (77b)
Considering only terms linear in |m˜qi|1/2 and χ˜i, we obtain up to leading order
Γ ≈ 1 + 3
2
c(t− ti) δ˜(k)i |k˜qi|1/2 → 1, (78a)
δ(m) ≈ δ˜(m)i −
3
2
c(t− ti) (1 + δ˜(m)i ) δ˜(k)i |k˜qi|1/2 → δ˜(m)i , (78b)
δ(k) ≈ δ˜(k)i −
3
2
c(t− ti) (2 + 3δ˜(k)i ) δ˜(k)i |k˜qi|1/2 → δ˜(k)i , (78c)
2δ(H) ≈ δ(k) + 2(δ˜(m)i − δ˜(k)i ) χ˜i. (78d)
where δ˜
(m)
i , δ˜
(k)
i depend on the choice of m˜qi, |k˜qi| in (39a)–(39b) and (59a)–(59b).
See figure 1b.
• Asymptotic to Schwarzschild–Kruskal. If we choose the power law decay for m˜qi
in (39b) with α = 3, then
mqi ∼ m0r−3, M ∼ m0R30 = const., (79)
then a comparison with (C.10), (C.11) and (C.12) reveals an asymptotic
convergence to Schwarzschild–Kruskal solution in coordinates given by geodesic
observers with positive binding energy (see page 332 of [3]). Evidently, the
hypersurfaces 3T [t] of the Schwarzschild–Kruskal spacetime itself, in this specific
time slicing, has an asymptotic limit to Minkowski in the radial direction. The
asymptotic form for |k˜qi| can be any of the admissible forms (59a)–(59b), but in
order to illustrate the asymptotic behavior of the scalars we will also assume a
power law decay |kqi| ∼ |k˜qi| = k0 r−β with β ≤ 2, so that
χ˜i ≈ m0
k0
rβ−3  |k˜qi|, δ˜(m)i ∼ −1 +O(χ˜i), δ˜(k)i ∼ −
β
3
+O(χ˜i), (80a)
E ∼ k0R20r2−β , ctbb ≈ cti −
rβ/2√
k0
→ −∞. (80b)
The asymptotic forms for the remaining scalars simply follow from specializing
the parameters of (77a)–(78c) to this case:
Hq ≈
√
k0
rβ/2
[
1−
√
k0 c(t− ti)
rβ/2
+
m0
k0 r3−β
]
→ 0, (81a)
Γ ≈ 1− β
√
k0 c(t− ti)
2 rβ/2
+O(r−β)→ 1, (81b)
δ(m) ≈ −1 +O(r−β)→ −1, (81c)
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δ(k) ≈ −β
3
+
β (2− β)
6
c(t− ti)
rβ/2
+O(r−β)→ −β
3
, (81d)
δ(H) ≈ δ(k) − 3
(
1− β
3
)
2m0
k0 r3−β
→ −β
3
. (81e)
Notice that (81c) implies that local density, m, decays to zero much faster than
mq, as expected in a convergence to Schwarzschild–like vacuum conditions.
10.5. Generic hyperbolic asymptotics.
We consider now the case (61) when xi → x0 = constant, listed in the sixth column
of table 1. We will assume the power law decay (39b) and (59b) with α = β, so that
density and spatial curvature decay at the same rate (the treatment of the logarithmic
decay is analogous). This decay implies mqi ∼ m0 r−γ and |kqi| ∼ k0 r−γ , where
0 ≤ γ ≤ 2 (regularity rules out γ > 2). Hence, we obtain from (51)
φ ∼ y0 ξ + Zh(x0), xi ∼ x0 = k0
m0
, ξ ≡ c(t− ti)
rγ/2
, (82)
where y0 =
√
k0 x0 and Zh is given by (52). Thus, following (51) and (52), we have
L ∼ L˜ so that (62) becomes
y0 ξ + Zh(x0) ∼ Zh(x0 L˜(ξ)), (83a)
L˜(ξ) =
1
x0
Z−1h (y0 ξ + Zh(x0)). (83b)
where we can write L˜ = L˜(ξ) because Zh(x0) is a constant. We have then for γ > 0
lim
r→∞ L˜ = limξ→0
L˜(ξ) =
1
x0
Z−1h (Zh(x0)) = 1. (84)
As a consequence of (82), (83a)–(83b) and (84), and bearing in mind that we are
considering t constant, the asymptotic form of L˜ for very large r is follows from a
series expansion of L˜(ξ) for ξ  1 up to order ξ (i.e. order O(r−γ/2)):
L˜(ξ) ≈ L˜(0) + L,ξ(0) ξ = 1 +
√
2m0 + k0 ξ, (85)
where we used (84) and L,ξ(0) = [dL/dξ]ξ=0 was computed by implicit derivation of
(83a).
The following asymptotic convergence forms follow from (13), (14), (15), (21) and
(54):
Hq ∼ [2m0 + k0 L˜]
1/2
rγ/2L˜3/2
, mq ∼ m0
rγL˜3
, |kq| ∼ k0
rγL˜2
. (86a)
M ∼ m0R30r3−γ , E ∼ k0R20r2−γ , ctbb ∼ cti −
Zh(x0) r
γ/2
y0
, (86b)
Since δ
(m)
i , δ
(k)
i → −γ/3 and considering (85), then (19a), (19b), (55) and (66b) lead
to the following approximations up to order r−γ/2
Γ ≈ 1− γ
6
(2m0 + k0)
1/2 ξ, (87a)
δ(m) ≈ −γ
3
[
1− 3− γ
6
(2m0 + k0)
1/2 ξ
]
, (87b)
δ(k) ≈ −γ
3
[
1− 2− γ
6
(2m0 + k0)
1/2 ξ
]
, (87c)
2δ(H) ≈ −γ
3
[
1− γ [2m0(3− γ) + k0(2− γ)]
6 (2m0 + k0)1/2
ξ
]
. (87d)
Radial asymptotics of LTB dust models. 25
The remaining scalars m, k, H are approximately equal to mq, kq, Hq times a factor
1 − γ/3. If instead of a power law form we consider a logarithmic as in (39a) and
(59a), we obtain the same forms, except that ξ = c(t− ti)/ ln r and δ(m)i , δ(k)i → 0.
The asymptotic expressions (85), (86b)–(86a) and (87a)–(87d) hold for any regular
hyperbolic model for which xi = |kqi|/mqi → x0 = constant. Since the free parameter
is γ, we can identify the following asymptotic states:
• Asymptotic to negatively curved FLRW. If γ = 0, then we have mqi ∼ m0 and
|kqi| ∼ k0, as well as ξ = c(t− ti). Hence, L˜, H˜q and m˜q depend only on t, while
asymptotically M ∝ r3 and E ∝ r2 and tbb → constant. Comparing with (C.1),
(C.2) and (C.4), we can see that L, M, E and tbb converge to their corresponding
forms of a FLRW dust model with negative spatial curvature.
• Asymptotic to generalized Milne. If 0 < γ ≤ 2 then ξ → 0 as r → ∞, thus
mq, |kq| and Hq tend to zero, while tbb → −∞ and Γ → 1. These limits and
the expansions around it, together with (C.6) clearly point out that models with
these parameters are asymptotic to a section of Minkowski in generalized Milne
coordinates.
• Asymptotic to the self–similar solution with negative spatial curvature. If γ = 2,
then mqi, |kqi| ∝ r−2 and all quantities in (85), (86b)–(86a) and (87a)–(87d)
converge to their respective forms in the self–similar solution with negative spatial
curvature in (C.14) (this is the case E > 0 in equation (2.29) of [36]).
11. Radial asymptotics of open elliptic models.
As with the hyperbolic models, we will use the implicit analytic solution of (15) for
kqi > 0, equivalent to (A.5), which in terms of our variables takes the form
φ =
 Ze(xiL) expanding phase
2pi − Ze(xiL) collapsing phase
(88)
where the expanding and collapsing phases correspond to Hq > 0 and Hq < 0, and Ze
is given by
u 7→ Ze(u) = arccos(1− u)− u1/2 (2− u)1/2 . (89)
with
φ ≡ φ(t, xi, yi) = yi c(t− ti) + Ze(xi), (90a)
xi =
kqi
mqi
, yi =
k
3/2
qi
mqi
, (90b)
The scale factor L is restricted by 0 < L ≤ Lmax = 2/xi = 2mqi/kqi. The times
associated with the initial singularity, the maximal expansion (Lmax) and the collapsing
singularity are given by
ctbb = cti − Ze(xi)
yi
, ctmax = ctbb +
pi
yi
, ctcoll = ctbb +
2pi
yi
. (91)
Notice that (in general) tmax = tmax(r) and tcoll = tcoll(r), so (like tbb(r)) neither one is
(in general) simultaneous (see section 12 for the cases with simultaneous tbb or tmax).
For every comoving observer r = const., the time evolution is contained in the range
tbb(r) < t < tcoll(r).
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The metric function Γ takes the same form as (55), with Hq given by (15) with
kqi > 0 and c(t − ti) follows from (88) and (90a). The Hellaby–Lake conditions
[8, 30, 35] to comply with (24) are
ct′bb
3R′i/Ri
≤ 0, ct
′
coll
3R′i/Ri
≥ 0, δ(m)i ≥ −1, (92)
where ct′coll follows from differentiating ctcoll in (91)
ct′coll
3R′i/Ri
=
(
δ
(m)
i −
3
2
δ
(k)
i
)
c(tcoll − tbb) + ct
′
bb
3R′i/Ri
, (93)
while ct′bb has the same form as (57) with ctbb given by (91).
11.1. Initial positive curvature.
The asymptotic forms for kqi compatible with standard regularity must comply with
the constraint 1 + E = F2 = 1 − kqiR20r2, and thus kqir2 cannot diverge as r → ∞.
Hence, the admissible asymptotic forms are
kqi ∼ k˜qi = k0r−β (β ≥ 2), F2 ∼ 1− k0R20r2−β , δ(k)i → −
β
3
, (94a)
kqi ∼ k˜qi = k0 e−βr, F2 ∼ 1− k0R20r2e−βr, δ(k)i → −
β
3
r. (94b)
Notice that the case kqi ∼ k0 (i.e. (94a) with β = 0) is not admissible as an asymptotic
form for r →∞, hence kqi → 0 holds in this limit for all open elliptic models (though
mqi → m0 = const. is allowed). We also remark that the logarithmic decay is also
ruled out because kqi must decay at least as fast as r
−2. Also, from (17b) and (19b),
if δ
(k)
i < −1 then we have k < 0 even if kq > 0 in all 3T [t]. This situation occurs if
β > 3 in (94a) and in (94b) for which δ
(k)
i → −∞ (see Appendix B of [30]).
11.2. Asymptotic approximations for the analytic solutions.
As with hyperbolic models, there is no closed explicit form for L and we must work
with the implicit solutions (88)–(91), with Ze given by (89). As opposed to the
hyperbolic case, we have now two branches, but φ = Ze(xiL) in (88) is a monotonously
increasing/decresing function of xiL in the expanding/colapsing branches, so it has a
branched inverse
xiL(φ) =
{
Z−1e (φ)
Z−1e (2pi − φ) . (95)
However, from (89), (22) and (36) for open elliptic models with kqi > 0 we must have
0 < xi ≤ 2 and 1− kqir2R20 > 0 ⇒ kqi r2 < 1/R20, (96)
so that xi is bounded and kqir
2 cannot be an increasing function as r → ∞ (which
is consistent with (94a)–(94b)). Hence (as opposed to the hyperbolic case) φ must
remain bounded.
As a direct consequence of (94a)–(94b) and (96), the asymptotic convergence
kqi ∼ k0 = constant is not allowed. Therefore, open elliptic LTB models are
incompatible with a positively curved FLRW asymptotic limit. This is not surprising,
since these FLRW dust models are necessarily closed (the 3T [t] homeomorphic to S3).
As with the hyperbolic models, the asymptotic behavior of open elliptic models
depends on the initial value functions through xi. If we take into consideration the
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Section 11.3 Section 11.4 Section 11.5
m˜qi k˜qi x˜i x˜i → 0 x˜i → x0 < 2 x˜i → x0 = 2
PL PL x0 r
α−β β > α 2 ≤ β = α ≤ 3 2 ≤ β = α ≤ 3
0 < α ≤ 3 k0 = 2m0
PL EXP x0 r
αe−βr β > 0
0 < α ≤ 3
LOG PL x0 r
−β ln rα β ≥ 2
α > 0
LOG EXP x0 e
−βr ln rα β > 0
α > 0
Table 2. Combinations of the admissible asymptotic convergence forms
for open elliptic models. The table presents the asymptotic convergence of
x˜i = k˜qi/m˜qi for the four possible combinations of the forms m˜qi and k˜qi in
(39a)–(39b) and (94a)–(94b). The terms “PL” and “EXP” stand for “power law”
and “exponential” decay forms, respectively given by (39b), (94a) and (39a), (94b).
The behavior of x˜i examined in sections 11.3–11.5 follows from the restrictions
on the parameters α, β, hence the results of these sections can be readily applied
to initial value functions having each asymptotic convergence form.
restrictions (94a)–(94b) and (96), then (88) and (95) allow for the following limiting
regimes
xi → 0, xi → x0 < 2, xi → 2, (97)
which will be discussed in detail, respectively, in sections 11.3 to 11.5. The
combinations of the admissible asymptotic convergence forms compatible with (96)
that correspond to each of these cases are listed in 4th, 5th and 6th columns of table
2. For reasons that will be explained in the following subsections, the collapsing branch
will be needed only in the case xi → 2 in (97) (see figure 2).
11.3. Convergence to parabolic models.
Since xi ≤ 2 there is no possibility for kqi to dominate mqi in the limit r →∞, though
the opposite situation is possible and leads to the limit xi → 0 corresponding to the
first one of the cases in (97) and listed in the fourth column of table 2. As we show
further ahead, the collapsing phase of (88) will not be needed (see figure 2), while Ze
is monotonously increasing in the expanding phase. We have then
xi → 0 ⇒ Ze(xi)→ 0 ⇒ φ→ 0 ⇒ Ze(xiL)→ 0. (98)
Hence, we can approximate Ze in (89) by
Ze(u) ≈
√
2
3
u3/2 +
√
2
20
u5/2 for u ≈ 0, (99)
which, up to the leading term, coincides with (63). As in the density dominated
hyperbolic case, we assume mqi ∼ m˜qi and kqi ∼ k˜qi, and apply (99) to Ze(xi) and
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Ze(xiL) in the expanding branch of (88), leading exactly to the same form for L ≈ L˜
given by (64)
L ∼ L˜ ≈
[
1 +
3
2
√
2m˜qi c(t− ti)
]2/3
, (100)
which indicates that open elliptic models with initial conditions in which xi → 0 are
asymptotic to a parabolic model.
While open elliptic and hyperbolic models with xi → 0 have the same radial
asymptotic behavior, their time evolution is radically different, as it is restricted by
the initial and collapsing singularity (see figure 2). Considering (99) and the fact that
we are assuming xi → 0 and k˜qi → 0 for all choices in (94a)–(94b), the maximal
expansion and collapse times ctmax, ctcoll given by (91) take the asymptotic forms
ctmax = cti +
pi − Ze(xi)
k
1/2
qi xi
≈ cti −
√
2
3
x˜
1/2
i +
pi
k˜
1/2
qi x˜i
→∞, (101a)
ctcoll = cti +
2pi − Ze(xi)
k
1/2
qi x˜i
≈ cti −
√
2
3
x˜
1/2
i +
2pi
k˜
1/2
qi x˜i
→∞. (101b)
where m˜qi and k˜qi take the admissible forms compatible with x˜i → 0. Since the locus
of maximal expansion marked by ctmax(r) corresponds to a maximum L = Lmax = 2/xi,
we have Lmax →∞ as r →∞ and so: Rmax = R0rLmax →∞ in this limit.
Since the collapsing phase corresponds to ct > ctmax(r), the fact that ct = ctmax(r)
diverges as r →∞ implies that the radial asymptotic range for all hypersurfaces 3T [t]
occurs within the expanding phase, which justifies the fact that we did not need to
consider the collapsing phase of (88) for the study of the radial asymptotics in this
case. This is clearly illustrated by figures 2a and 2b. Since open elliptic models have
the same asymptotic behavior as in hyperbolic models in which xi → 0, the same
asymptotic limits arise:
• Asymptotic to spatially flat FLRW.
If mqi ∼ m0 > 0 (the power law form (39b) with α = 0, see top entry in the fourth
column of table 2), then (100) yields L ≈ L˜(t) with L˜(t) given by (47a), which is
the scale factor of a spatially flat FLRW dust model. The conventional variables
M, E and tbb have the asymptotic forms as in (65) (with −k˜qi instead of |k˜qi|),
while the maximal expansion and collapse times, ctmax and ctcoll, are given by
(101a) and (101b) under the specialization (39b) with α = 0, so that xi → 0. The
asymptotic forms of the remaining time–dependent scalars are readily computed
as in the hyperbolic case. The result is exactly the same forms as in (66a)–(66d).
• Asymptotic to Minkowski.
If m˜qi → 0 and k˜qi → 0, following either power law decays with 0 < α < β or any
combination of power law and exponenetial decay, as given by (39a)–(39b) and
(94a)–(94b), we have the cases listed in the fourth column of table 2 (excluding
the case PL–PL with α = 0 which corresponds to the spatially flat FLRW case).
For all admissible combinations of initial value functions (100) becomes as r →∞
L˜ ≈ 1 +√2m˜qi c(t− ti)→ 1, (102)
while the conventional variables M, E and ctbb take the same asymptotic forms
as (68), while ctmax and ctcoll follow from (101a)–(101b), and the scalars mq and
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kq have the same forms as in (69a). Considering only terms linear in
√
m˜qi or
x˜i, we obtain up to leading order
Hq ≈
√
2m˜qi
L˜
(
1− x˜i
4
)
≈√2m˜qi [1−√2m˜qic(t− ti)− x˜i
4
]
→ 0, (103)
The remaining quantities have the same asymptotic forms as (70a)–(70d), but
with k˜qi and δ˜
(k)
i now given by (94a)–(94b).
11.4. Generic elliptic asymptotics.
We examine now the second case in (104) listed in the fifth column of table 2:
xi → x0 = const. < 2, φ→ k1/2qi x0 c(t− ti) + Ze(x0)→ Ze(x0L), (104)
From table 2, the only combination compatible with xi → x0 is that in which both,
m˜qi and k˜qi, have the power law forms (39b) and (94a) with same exponent:
m˜qi = m0r
−γ , k˜qi = k0r−γ , 2 ≤ γ ≤ 3, x0 = k0
m0
< 2. (105)
where the restriction on γ follows from the possible common exponents in (39b) and
(94a). Considering that Ze(x0) < pi for all x0 < 2 (we examine the case x0 = 2 in
the following subsection), the maximal expansion and collapse times for these forms
of m˜qi and k˜qi take the following asymptotic forms
ctmax ∼ cti + pi − Ze(x0)√
k0 x0
rγ/2 →∞, (106a)
ctcoll ∼ cti + 2pi − Ze(x0)√
k0 x0
rγ/2 →∞. (106b)
As a consequence, only the expanding phase in (88) is needed to examine the radial
asymptotics in this case (just as with the case xi → 0). If xi → x0, then as r →∞ the
scale factor L at maximal expansion tends to a finite value: L = Lmax = 2/xi → 2/x0,
though we have Rmax = R0rLmax → (2R0/x0) r →∞ in this limit. Since 2/x0 > 1 for
x0 < 2 and L = 1 at the initial hypersurface
3T [ti], then this hypersurface necessarily
lies in the expanding phase: ti < tmax (see figure 2b).
Since we are only considering the expanding phase in (88), the equation φ =
Ze(x0L˜) has exactly the same form as in (82) and (83a)–(83b), with Ze instead of Zh.
Thus, (84) holds and we have L→ 1 as r →∞, while the asymptotic expansion (85)
takes now the form
L˜ ≈ 1 +
√
2m0 − k0 ξ, ξ = c(t− ti)
rγ/2
. (107)
The asymptotic convergence forms for M, E, tbb, mq, kq and Hq follow from (13),
(15), (21) and (91), and are very similar to those in (86b)–(86a):
M ∼ m0R30r3−γ , E ∼ −k0R20r2−γ , ctbb ∼ cti −
Ze(x0) r
γ/2
y0
→ −∞, (108a)
Hq ∼ [2m0 − k0 L˜]
1/2
rγ/2L˜3/2
→ 0, mq ∼ m0
rγL˜3
→ 0, kq ∼ k0
rγL˜2
→ 0. (108b)
where y0 =
√
k0x0 and L˜ is given by (107). Since δ
(m)
i , δ
(k)
i → −γ/3 and considering
(107), then (19a), (19b), (55) and (66b) lead to the same approximations (up to order
r−γ/2) as (87a)–(87d), but with k0 replaced by −k0. Since γ = 0 is not possible, then
all open elliptic models complying with (105) have a Minkowski asymptotic limit. The
following asymptotic states emerge:
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• Asymptotic to the self–similar solution with positive spatial curvature. If γ = 2,
then mqi, kqi ∝ r−2 and M ∝ r and E ∼ −k0R20 hold. Hence, there is asymptotic
convergence to the self–similar solution with positive spatial curvature in (C.14)
with self–similar variable ξ = c(t − ti)/r = ζ (this is the case E < 0 in equation
(2.29) of [36]).
• Asymptotic to Schwarzschild–Kruskal. If α = 3, then M ∼ m0R30 = constant.
Comparison with (C.10), (C.11) and (C.12) reveals an asymptotic convergence to
Schwarzschild–Kruskal solution in coordinates given by geodesic observers with
negative binding energy (Novikov coordinates, see page 332 of [3]).
11.5. The case x0 = 2.
The particular case xi ∼ x0 = 2 is characterized by the same initial value functions in
(105) with k0 = 2m0 (sixth column of table 2). Equation (88) can be rewritten as
Ze(2L˜(ξ)) ∼ pi ± 2
√
2m0 ξ, ξ =
c(t− ti)
rγ/2
(109)
where the + and − signs respectively correspond to the expanding and collapsing
phase, and we used the fact that Ze(2) = pi.
There is a fundamental difference (in comparison with the case x0 < 2) in the
locus of the maximal expansion time, ctmax. Considering that both mqi and kqi decay
as r−γ , then we can write in general xi ∼ 2 +O(r−γ). Hence, we have for xi ≈ 2
pi − Ze(xi) ≈ 2
√
2r−γ/2
[
1 +
1
6
r−γ/2 +O(r−γ)
]
, (110)
which, from (91), leads to
ctmax ∼ cti + [pi − Ze(xi)] r
γ/2
2
√
2m0
≈ cti + 1√
m0
, (111a)
ctcoll ∼ cti + [2pi − Ze(xi)] r
γ/2
2
√
2m0
≈ cti + pi r
γ/2
2
√
2m0
→∞, (111b)
ctbb ∼ cti − Ze(xi) r
γ/2
2
√
2m0
≈ cti − pi r
γ/2
2
√
2m0
→ −∞, (111c)
so that tbb and tcoll tend to curves that are symmetric with respect to the constant
asymptotic line of tmax (see figure 2c). Therefore, as a consequence of (111a)–
(111c), there exist an extended collapsing region for open elliptic models for which
xi ∼ x0 = 2. As opposed to the cases xi → 0 and xi → x0 < 2, there is now a radial
asymptotic range for the hypersurfaces 3T [t] in both the expanding phase and the
collapsing phase ctmax < ct < ctcoll. In fact, models in which x0 = 2 are asymptotic to
the models with a simultaneous tmax that will be examined in the following section.
If xi → 2, then: L = Lmax = 2/xi → 1 as r →∞, but Rmax = R0rLmax → R0 r =
Ri → ∞ in this limit. Notice that (111a) implies that the locus of the maximal
expansion itself lies in the expanding phase. The asymptotic limit of L follows by
inverting (109):
2L˜ ∼ Z−1e (pi ± 2
√
2m0 ξ). (112)
Since ξ → 0 as r →∞ and pi = Ze(2), then (112) implies L ∼ L˜→ 1 in this limit (for
both the expanding and collapsing phases). While this is the same limit as in the case
x0 < 2, the asymptotic expansions like (107) and the equivalents of (87a)–(87d) must
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be computed up to ξ2, since now
√
2m0 − k0 = 0. The result (valid for the expanding
and collapsing phases) is
L˜(ξ) ≈ L˜(0) + 1
2
L˜,ξξ(0) ξ
2 = 1− m0
2
ξ2, (113)
where L˜,ξξ(0) = [d
2L˜/dξ2]ξ=0 was computed by implicit derivation of (109) with
respect to ξ. The asymptotic form for Hq follows readily from (108b) with k0 = 2m0
and (113)
Hq ∼
√
2m0 (1− L˜)1/2
rγ/2 L˜3/2
≈ m0 ξ
1− 3m0ξ2/4 ≈ m0 ξ
[
1 +
3m0
4
ξ +O(ξ2)
]
→ 0. (114)
The asymptotic form for Γ cannot be computed from (55) because ξ = 0 at t = ti,
hence Hqi ≈ 0. Instead, we use the definition of Γ in (12) applied to L˜ in (113)
Γ ∼ 1 + rL˜
′
L˜
≈ 1 + γ m0 ξ
2/2
1 +m0 ξ2/2
≈ 1 + (γ − 1)m0
2
ξ2 → 1. (115)
Bearing in mind that δ˜
(m)
i = δ˜
(k)
i = −γ/3, the following asymptotic forms follow
readily
δ(m) ≈ −γ
3
[
1 +
(3− γ)m0
2
ξ2 +O(ξ3)
]
→ −γ
3
, (116a)
δ(k) ≈ −γ
3
[
1 +
(2− γ)m0
2
ξ2 +O(ξ3)
]
→ −γ
3
, (116b)
2δ(H) ≈ −2γ
3
[
1 +
(2− γ)m0
4
ξ2 +O(ξ3)
]
→ −2γ
3
. (116c)
Hence, the case x0 = 2 yields the same asymptotic states as x0 < 2, but with a faster
decay O(ξ2) to the Minkowski limit. The models are also asymptotic to Minkowski in
generalized Milne coordinates when 2 < γ < 3, with γ = 2, 3 corresponding to models
asymptotic to self–similar and Schwarzschild–Kruskal spacetimes.
12. Simultaneous big bang or maximal expansion.
So far we have assumed that the initial curvature singularity (L = 0) is not
simultaneous, but given by the curve [ctbb(r), r] in the (ct, r) plane. While a constant
tbb is incomplatible with parabolic models, non–trivial and perfectly regular hyperbolic
and elliptic models exist for which t′bb = 0 (see [7, 8, 26]). As shown in [30], the
Hellaby–Lake conditions to avoid shell crossings are simply (56) and (92) with t′bb = 0.
Also, the locus [ctmax(r), r] of the maximal expansion time (Hq = 0) in elliptic models
or regions is, in general, not simultaneous, though regular models exist with ct′max = 0
[7, 30]. We examine in this section the radial asymptotic behavior of regular models
with these characteristics.
12.1. Simultaneous big bang.
Let tbb = t(0) denote the constant time value associated with L = 0, then from (54) and
(91), the initial value functions mqi and kqi are necessarily linked by the constraints
c(ti − t(0)) = Fh(mqi, |kqi|) ≡ mqiZh(|kqi|/mqi)|kqi|3/2 , hyperbolic, (117a)
c(ti − t(0)) = Fh(mqi, kqi) ≡ mqiZe(kqi/mqi)
k
3/2
qi
, elliptic, (117b)
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where the functions Zh and Ze are given by (52) and (89), and we have used (53a) and
(90a) to express xi and yi in terms of mqi and kqi. We can prescribe one of the pair
mqi, kqi and find the other by solving the constraints (117a) and (117b). While these
constraints cannot be solved analytically, we examine below the radial asymptotics of
models with tbb = t(0) by looking at them qualitatively.
Since the functions mqi, kqi that solve (117a) and (117b) for given values c(ti−t(0))
define the level curves of Fh(mqi, |kqi|), we need to verify first if the admissible
assumptions of asymptotic convergence of mqi, kqi are compatible with these functions
lying in a level curve, and then if their limit as r →∞ (in the (mqi, kqi) plane) fixes the
value of c(ti − t(0)). Considering these assumptions, the following mutually exclusive
cases emerge:
• mqi ∼ m0, kqi ∼ k0. These assumptions are only possible in hyperbolic models,
hence we have Fh(mqi, |kqi|) ∼ Fh(k0,m0) = constant, which fixes the level curve
c(ti − t(0)). Hence, all hyperbolic models with these initial value functions and
tbb = t(0) are asymptotic to negatively curved FLRW dust cosmology, as the latter
follows from these asymptotic convergence forms.
• kqi → 0 and mqi ∼ m0. For models with a simultaneous big bang having these
convergence forms we need to find the limit of Fh and Fe as kqi → 0 withmqi = m0
fixed:
lim
|kqi|→0
Fh(|kqi|,m0) = lim
kqi→0
Fe(kqi,m0) =
2
3
√
2m0
(118)
which fixes the constant bang time in terms of the level curve c(ti − t(0)) =
2/(3
√
2m0). As a consequence, hyperbolic and elliptic models with tbb = t(0)
and these initial value functions are asymptotic to a spatially flat FLRW dust
cosmology, as the latter corresponds to these asymptotic convergence forms of
mqi and kqi.
• mqi → 0 and kqi ∼ k0. This asymptotic convergence only occurs in hyperbolic
models (kqi < 0), since in elliptic models 0 < kqi ≤ 2mqi must hold. To examine
this case in models with a simultaneous big bang, we evaluate the limit of Fh as
mqi → 0 with kqi = k0 fixed:
lim
mqi→0
Fe(k0,mqi) =
1√
k0
(119)
which fixes the constant bang time in terms of the level curve c(ti − t(0)) =
1/
√
k0. Thus, hyperbolic models with tbb = t(0) and these initial value functions
are asymptotic to the Milne Universe, which corresponds to these asymptotic
convergence forms of mqi and kqi.
• kqi → 0 and mqi → 0. In order to examine this asymptotic convergence for
models with a simultaneous big bang, we explore the behavior of Fh and Fe in
the direction in the (mqi, kqi) plane given by the ray kqi = α0mqi, where α0 > 0
is a constant (α0 ≤ 2 for elliptic models). Hence, Fh and Fe along this direction
are given by
Fh(|kqi|) = α0 Zh(1/α0)|kqi|1/2 , Fe(kqi) =
α0 Ze(1/α0)
k
1/2
qi
, (120)
Thus, in the limit as mqi → 0 and kqi → 0 (which reduces in this direction to the
limit as kqi tends to zero) we have Fh → ∞ and Fe → ∞. In fact, both Fh and
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Fe only diverge as (mqi, kqi) → (0, 0). All this means that c(ti − t(0)) → ∞
for any choice of mqi, kqi in which both tend to zero asymptotically. As a
consequence, mqi and kqi cannot be fit to any level curve of these functions, and
so a simultaneous big bang is incompatible with both kqi → 0 and mqi → 0 as
r →∞. Since this radial asymptotic behavior of initial value functions comprises
models asymptotic to Minkowski in generalized Milne coordinates, self–similar
dust solutions and Schwarzschild–Kruskal, models with a simultaneous big bang
cannot be asymptotic to any of these spacetimes. This is not surprising since
ctbb → −∞ holds in all these cases.
ct
cti
ctbb
r r
cti
ctbb
A
B
B
(a) (b)
ct
Figure 1. Regularity domain of parabolic and hyperbolic models. The
figure displays the (ct, r) plane with the locus of the initial curvature singularity
(big bang) L = 0, marked by the thick curve [ctbb(r), r], together with the
initial slice 3T [ti] (dotted line). For all models asymptotic to a FLRW or Milne
spacetimes (panel (a)), ctbb tends asymptotically to a constant, while models
asymptotic to Minkowski in generalized Milne coordinates, self–similar solutions
or Schwarzschild–Kruskal, we have ctbb → −∞ in this limit. Notice that space
slices 3T [t] are fully regular only for ct > B.
12.2. Simultaneous maximal expansion.
Let tmax = t(m) denote the constant time value associated with Hq = 0, then (91)
implies that mqi and kqi are necessarily linked by the constraint
c(t(m) − ti) = F (kqi,mqi) ≡ mqi [pi − Ze(kqi/mqi)]
k
3/2
qi
, (121)
where Ze follows from (89) and we have expressed xi, yi in terms of mqi and kqi by
means of (90a). This constraint is very similar to (117b), hence the compatibility
with assumptions on radial convergence of mqi and kqi follows from a qualitative
study of the level curves of the function F in (121). As shown in figure 3, the level
curves of this function do not allow for kqi → 0 to occur with mqi → m0 > 0,
since kqi → 0 necessarily implies mqi → 0. Therefore, models with in which ctmax is
constant must exhibit the same asymptotic states as the models examined in section
11.5 (xi = kqi/mqi → 2), in which ctmax tends to a constant as r → ∞. In fact, the
models of section 11.5 asymptotically converge to models with a simultaneous tmax.
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cti cti
ctbb ctbb ctbb
ctcoll ctcoll ctcoll
ctmax ctmax ctmax
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B B
B
C C C
(a) (b) (c)
Figure 2. Regularity domain of open elliptic models. The figure displays
the (ct, r) plane with the locus of the initial and collapse curvature singularities
corresponding to L = 0, marked by the thick curves [ctbb(r), r] and [ctcoll(r), r],
together with the initial slice 3T [ti] (dotted line) and the maximal expansion time
(Hq = 0) marked by the thick dotted curve [ctmax(r), r]. Panel (a) corresponds
to models asymptotic to the spatially flat FLRW cosmology, so that ctbb tends
asymptotically to a constant (while it tends to −∞ in all other cases). Panel (c)
corresponds to the case kqi/mqi → 2 examined in section 11.5, for which ctmax
tends asymptotically to a constant. Panel (b) corresponds to all other cases. For
the collapse time we have ctcoll →∞ in all cases. Notice that in cases (a) and (b)
the full asymptotic radial range is contained in the expanding phase (ct < ctmax).
Also, the space slices 3T [t] are fully regular only for B < ct < C.
kqi
mqi
k qi
 
=
 2m
qi
F 
=
 0
F  
Figure 3. Level curves of F in (121). The figure displays the level curves in
the (kqi,mqi) plane. We have F = 0 in the line kqi = 2mqi, while F → ∞
as kqi → 0 with mqi > 0, while all curves converge at (kqi,mqi) → (0, 0).
As a consequence, only the asymptotic convergence kqi → 0 and mqi → 0 is
possible, and so elliptic models with a simultaneous maximal expansion cannot
be asymptotic to a FLRW cosmology.
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Depending on the power law decay of mqi and kqi, these models are all asymptotic
to Minkowski in generalized Milne coordinates, or to self–similar or Schwarzschild–
Kruskal spacetimes.
13. Summary, conclusion and final discussion.
We have examined the asymptotic regime along the radial direction for regular
parabolic, hyperbolic and open LTB models admitting a symmetry center and
a covariant time slicing that defines a one–parameter family of 3–dimensional
hypersurfaces, 3T [t], orthogonal to the 4–velocity and marked by constant t. With
the help of suitably defined covariant quasi–local scalars, mq, kq, Hq and their relative
fluctuations, this time slicing allows us to study LTB models under a well posed initial
value framework in terms of a fiducial initial hypersurface 3T [ti] marked by t = ti.
Since radial rays in the 3T [t] are spacelike geodesics of the LTB metric whose affine
parameter is proper length, `, asymptotic conditions naturally correspond to the limit
` → ∞, which is related to the limit R → ∞ along the radial rays (see section 5).
However, ` = `(t, r) and R = R(t, r), and thus it is very difficult to use these invariant
quantities to probe the behavior of covariant scalars in this asymptotic limit. Hence,
we have provided in section 4 the appropriate conditions in which `→∞ corresponds
to the limit r → ∞, so that a regular asymptotic regime follows by demanding that
covariant scalars (local and quasi–local) remain bounded in this limit. The asymptotic
limit along radial rays then follows from looking at the uniform convergence of initial
value functions mqi(r), kqi(r) to analytic trial functions m˜qi(r), k˜qi(r) as r → ∞,
under the assumption of the radial coordinate gauge (36), which fixes the radial
coordinate as proportional to Ri = R(ti, r) (sections 6 and 7).
13.1. Classification in terms of their asymptotic limits and states.
By assuming asymptotic convergence forms m˜qi, k˜qi for mqi, kqi, we examined sep-
arately in sections 9–12 the radial asymptotic behavior of the metric functions and
the covariant scalars, for parabolic, hyperbolic, open elliptic models and models with
a simultaneous big bang or maximal expansion, making the distinction between the
“asymptotic limit” as the strict limit as r → ∞, and the “asymptotic state” as the
set of asymptotic expansions of all scalars around the asymptotic limit up to leading
terms on m˜qi(r), k˜qi(r) (see section 8). The summary of the results is as follows:
Asymptotic Limit. All open LTB models can be classified in terms of two broad
classes: asymptotic limit to FLRW or Minkowski. Considering A = m, H, k and
Aq = mq, Hq, kq, the “conventional” variables M, E and ctbb (bang time), as well as
ctcoll, ctmax (collapse and maximal expansion times, see (91)), together with the metric
functions L and Γ in (22), and using the radial coordinate gauge (36), we have:
• Models whose asymptotic limit is a FLRW cosmology, including Milne Universe
as a particular vacuum case (see figures 1a and 2a):
L→ L˜(t), R→ R0 r L˜(t)→∞, Γ→ 1, (122a)
Aq → A˜q(t), A→ A˜q(t), δ(A) → 0, (122b)
M ∼ m0R30r3, E ∼ ±k0R20r2, ctbb → const., (122c)
ctcoll →∞, ctmax →∞ (only elliptic models). (122d)
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• Models whose asymptotic limit is Minkowski, containing self–similar,
Schwarzschild–Kruskal and generalized Milne asymptotic states (see figures 1b
and 2b–2c):
L→ 1, R→ R0 r →∞, Γ→ 1, (123a)
Aq → 0, A ∼ Aq(1 + δ(A))→ 0, δ(A) → δ˜(A) 6= 0 (in general), (123b)
M ∼ m˜qir3R30, E ∼ k˜qir2R20, ctbb → −∞, (123c)
ctcoll →∞, ctmax →∞ (or → const) (only elliptic models). (123d)
where the special case ctmax → const. in (123d) has been discussed in sections 11.5
and 12.2.
Asymptotic States. It is useful to list these states for each kinematic class:
Parabolic models (section 9) are radially asymptotic to
• FLRW dust with zero spatial curvature (section 9.1)
• Minkowski in generalized Milne coordinates (section 9.2)
• Self–similar dust solution with zero spatial curvature (section 9.2)
• Schwarzschild–Kuskal in Lemaˆıtre coordinates, built by radial geodesics with zero
binding energy (section 9.2)
Hyperbolic models (section 10) are radially asymptotic to
• A subclass of parabolic models (section 10.3), which are radially asymptotic to
– FLRW dust with zero spatial curvature
– Minkowski in generalized Milne coordinates
• Milne Universe (section 10.4)
• FLRW dust with negative spatial curvature (section 10.5)
• Minkowski in generalized Milne coordinates (sections 10.4 and 10.5)
• Self–similar dust solution with negative spatial curvature (section 10.5)
• Schwarzschild–Kuskal in coordinates given by radial geodesics with positive
binding energy (section 10.4)
Open elliptic models (section 11) are radially asymptotic to
• A subclass of parabolic models (section 11.3), which are radially asymptotic to
– FLRW dust with zero spatial curvature
– Minkowski in generalized Milne coordinates
• Minkowski in generalized Milne coordinates (sections 11.4 and 11.5)
• Self–similar dust solution with positive spatial curvature (sections 11.4 and 11.5)
• Schwarzschild–Kuskal in Novikov coordinates, built by radial geodesics with
negative binding energy (sections 11.4 and 11.5)
Models with a simultaneous big bang (hyperbolic and open elliptic) (section
12.1) are radially asymptotic to
• FLRW dust with zero spatial curvature (as in sections 10.3, 10.5 and 11.3)
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• FLRW dust with negative spatial curvature (as in section 10.5)
• Milne Universe (as in section 10.4)
Models with a simultaneous maximal expansion (elliptic) (section 12.2) are
radially asymptotic to the same spacetimes as those of section 11.5.
13.2. Cosmological considerations vs radial asymptotics.
It is usual to consider any given LTB configuration as a model of a spherical
inhomogeneity somehow immersed in a cosmic “background”. In order to discuss
this issue in terms of the results obtained in this article, it is illustrative to relate the
asymptotic forms of LTB scalars with observational parameters of a FLRW cosmology.
If we denote by Ω(t) the FLRW Omega parameter, a possible generalization for
LTB models can be given in terms of quasi–local scalars:
Ωˆ ≡ κ ρq
3H2q
=
2mq
H2q
=
2mq
2mq − kq =
2mqi
2mqi − Lkqi , (124)
so that each kinematic class (parabolic, hyperbolic or elliptic) follows from the sign of
Ωˆ− 1
Ωˆ− 1 = kqH2q
=
kqiL
2mqi − Lkqi . (125)
While Ωˆ is a covariant quantity (because mq and Hq are covariant), it is not a quasi–
local scalar: notice that we do not use the symbol Ωq because Ωˆ cannot be obtained
from applying (9) to the ratio 2m/H2. In fact, other expressions for the Omega and
Hubble factors for LTB models have been suggested in the literature [39, 40] (see [30]
for further discussion on this issue). However, it is evident that for all LTB models
whose radial asymptotic limits and states are FLRW cosmologies we have as r →∞
Ωˆ ∼ Ω(t), (126)
which clearly suggests that LTB models with this radial asymptotic behavior are
suitable to model cosmological inhomogeneities asymptotically converging to a FLRW
“background”. This means that, irrespective of how we choose to generalize the
observational parameters, they will tend asymptotically in the radial direction to
the FLRW parameters. Notice that we have reached this conclusion by looking
at the asymptotic states of LTB models defined all along the radial rays, without
considering the rather artificial situation in which a FLRW radial asymptotic state
of an LTB model is forced by matching to it to a FLRW cosmology at a finite fixed
comoving boundary r = rb. Though such configurations can also be constructed
with LTB models, leading to smooth and fully relativistic generalizations of the
Newtonian “spherical collapse” or “top hat” models used in qualitative studies of
structure formation (see [29] for discussion and references on this type of models and
their relativistic generalizations).
The cosmological interpretation of the radial asymptotics of LTB models with
asymptotic limit to Minkowski is more complicated. To discuss these cases it is
convenient to introduce a “local’ equivalent of Ωˆ defined with the local scalars
m = κρ/3 and H = Θ/3 as
Ωˆloc ≡ κρ
3H2 =
2m
2m− k + (Hqδ(H))2 = 1 +
(Ωˆ− 1) (1 + δ(k))− (δ(H))2
(1 + δ(H))2
, (127)
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where we eliminated H and k from (18a) and used the constraint
H2 = 2m− k + Σ2 = 2m− k + (Hqδ(H))2, (128)
which follows from the definitions of Θ and Σ in (5) and (7). For models with an
asymptotic FLRW limit, δ(H) → 0 and δ(k) → 0 hold, so Ωˆloc → Ωˆ and the FLRW
Ω(t) results. However, in models with a Minkowski limit δ(H), δ(k) do not tend to
zero, resulting in a different form for Ωˆloc.
In parabolic models with asymptotic limit to Minkwoski we have Ωˆ = 1
everywhere, while δ(H) → δ(H)i = δ(m)i /2 (from (50b)), hence
Ωˆloc ≈ 1−
(
δ
(H)
i
1− δ(H)i
)2
≤ 1, (129)
Since we have Ωˆ→ 1 for hyperbolic with a matter dominated Minkowski limit (section
10.4) and for all open elliptic models with a Minkowski limit (which is also matter
dominated), we obtain for these cases the same limit as in (129). For all hyperbolic
models with a vacuum dominated Minkowski limit we have Ωˆ→ 0, hence
Ωˆloc ≈ 2δ
(H) − δ(k)
(1 + δ(H))2
. (130)
Therefore, considering (75d)–(75e), (78c)–(78d) and (87c)–(87d), we have δ(k) →
2δ(H), and so Ωˆloc → 0 holds for models asymptotic to Milne, generalized Milne and
self–similar solutions, but in models asymptotic to Schwarzschild–Kruskal we have
δ(k) → δ(H) (see (81d)–(81e)), so for these models Ωˆloc has an asymptotic form as in
(129).
Since the asymptotic forms for either Ωˆ or Ωˆloc are independent of t (being either
zero or a constant ≤ 1), a cosmological interpretation for the radial asymptotics of
models with a Minkowski limit cannot be given in terms of a smooth convergence
or transition to a FLRW model in the radial direction. Instead of a cosmic FLRW
background, the external realm of these LTB models could be a large void region.
A similar and appealing interpretation of radial asymptotics to Minkowski follows
naturally from the notion of “finite infinite” (fi), introduced by Ellis [37] (see also
comments in [38]) to represent a near Minkowskian timelike envelope around bound
structures, which defines a scale in which these structures can be studied as almost
asymptotically flat systems without considering the effect of cosmic expansion. Such
a scale would be intermediate between characteristic lengths of bound structures and
a cosmic scale where expansion cannot be ignored. Evidently, LTB models with
asymptotic limit to Minkowski approximate spherically symmetric realizations of this
cosmic structure in such a near Minkowski envelope.
The results of this article are useful for probing supernovae and CMB observations
by means of LTB models. They are essential for the study of radial profiles of covariant
scalars, namely: the “clump” or “void” profiles and the possibility of profile inversions
as the models evolve in time. This study has been undertaken in a separate article
[41]. The radial asymptotic properties of the models have also theoretical and practical
consequences in the application of Buchert’s scalar averaging formalism [23] to LTB
models, as vacuum dominated LTB models are the LTB configurations most likely to
yield an “effective” acceleration that mimics dark energy emerging from back–reaction
terms in the context this formalism. These connections have been already remarked
[21, 22] and are currently under further investigation.
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Appendix A. Analytic solutions in the conventional variables.
The solutions of the Friedman–like equation (2) in terms of the conventinal free
functions M, E, ctbb are:
• Parabolic models or regions: E = 0.
c(t− tbb) = 2
3
η3, R = (2M)1/3 η2, (A.1)
• Hyperbolic models or regions: E ≥ 0.
R =
M
E
(cosh η − 1) , c(t− tbb) = M
E3/2
(sinh η − η) (A.2)
E3/2
M
c(ti − tbb) = Zh(U), U ≡ ER
M
, (A.3)
• Elliptic models or regions: E ≤ 0.
R =
M
|E| (1− cos η) , c(t− tbb) =
M
|E|3/2 (η − sin η) , (A.4)
|E|3/2
M
c(ti − tbb) =
{
Ze(U) expanding phase R˙ > 0
2pi − Ze(U) collapsing phase R˙ < 0 , U ≡
|E|R
M
,
(A.5)
where Zh and Ze are respectively given by (52) and (89). The solutions presented
above are given in terms of the new variables by (41), (51) and (88).
Another particular solution of (2) follows by assuming M = 0 and E > 0 (but
otherwise arbitrary), leading to the case “[s2]” in [8]
R = E c(t− tbb), (A.6)
which are locally Minkowski solutions (sections of Minkowski spacetime in coordinates
that generalize Milne’s Universe).
Appendix B. Prescribing local initial value functions.
In section 7 we assumed an asymptotic convergence for for Aqi and obtained the forms
for Ai and δ
(A)
i . We examine here the opposite situation. If we assume that Ai ∼ A˜i,
then for r > y and with the help from (9) and (36) we have
Aqi =
3
r3
∫ r
0
Aix
2dx ∼ 3
r3
[∫ y
0
Aix
2dx+
∫ r
y
A˜ix
2dx
]
, (B.1)
while δ
(A)
i follows directly from (11):
δ
(A)
i ∼
A˜i(r)r
3 − 3 ∫ y
0
Aix
2dx− 3 ∫ r
y
A˜ix
2dx
3
∫ y
0
Aix2dx+ 3
∫ r
y
A˜ix2dx
. (B.2)
A comparison of (38a)–(38b) and (B.1)–(B.2)shows that it is much easier to obtain the
asymptotic limit of δ
(A)
i from Aqi than from Ai. Prescribing Aqi is also more useful
in practice, since the initial value functions in the analytic solutions given in sections
9–11 are mqi, kqi.
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We now examine the asymptotic forms for mqi and δ
(m)
i that follow given a
prescribed asymptotic form for mi. Consider a power law decay mi ∼ m0r−α, then
(B.1) and (B.2) yield
mqi ∼ m0
[
I(y)
r3
+
3
(3− α) rα
]
, δ
(m)
i ∼
−α r−α − (3− α)I(y)r−3
(3− α)I(y)r−3 + 3 r−α , (B.3)
where: I(y) =
3
m0
∫ y
0
mix
2dx− 3
3− αy
3−α,
Notice that if α < 3 then r−α is the dominant term, whereas if α > 3 then r−3 is
dominant. Hence, we obtain mqi ∝ r−α for α < 3 and for a logarithmic decay, while
mqi ∝ r−3 results if we assume that α ≥ 3 or an exponential decay. However, from
Lemma 3, both mi and mqi tend to zero. By assuming r  y we obtain the following
asymptotic limit for δ
(m)
i
δ
(m)
i ∼ δ˜(m)i =
{ −α/3, if α < 3
−1 if α ≥ 3 , (B.4)
It is straightforward to show that if mi decays to zero exponentially, then δ˜
(m)
i → −1,
while a slow logarithmic decay yields δ˜
(m)
i → 0. As opposed to prescribing an
asymptotic decay for mqi → 0 as in (39a)–(39b), all assumptions on the decay of
mi → 0 necessarily yield mi and mqi positive in the full range r > y. This is so
because mqi ≥ mi ≥ 0 holds in this range (as m′i and m′qi are negative, see (10a)).
Appendix C. Particular cases of open LTB models.
Given the radial coordinate gauge (36), all open LTB models can be univocally
characterized by the initial value functions mqi, kqi. Hence, spacetimes that emerge
as particular cases of these models emerge by specific specialization of these functions.
The line elements of these spacetimes follow directly from (22) by recalling the
particular cases of these functions accordingly, and define particular case spacetimes
which have served as references to the possible asymptotic states of all open LTB
models in the limit r →∞.
Appendix C.1. FLRW dust spacetimes
Homogeneous and isotropic dust FLRW cosmologies follow as particular cases of LTB
models by setting
mqi = m0 > 0 and kqi = k0, (C.1)
where m0, k0 are constants. From (21), (42), (54) and (91), we have
M = m0 r
3, E = −k0 r2, tbb, tmax, tcoll constants. (C.2)
Evidently, the spatially flat case corresponds to k0 = 0, while positive/negative k0 are
FLRW models with positive/negative spatial curvature. It is evident from (41) that
(C.1) yields for k0 = 0
L = L(t) =
[
1 +
3
2
√
2m0 c(t− ti)
]2/3
, k0 = 0, (C.3)
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while for k0 6= 0 the function L = L(t) follows from the implicit solutions (51) and
(88) under the specialization (C.1):
φ(t) = y0 c(t− ti) + Z(x0) = Z(x0 L), x0 = |k0|
m0
, y0 =
|k0|3/2
m0
, (C.4)
with Z = Zh or Z = Ze given by (52) and (89) for hyperbolic (negative curvature) and
elliptic (positive curvature) FLRW models. For all particular cases (C.1), equations
(11) and (18a) imply δ
(m)
i = δ
(k)
i = δ
(H)
i = 0, so that mi = mqi, ki = kqi and
Hi = Hqi hold. Also, (15), (43) and (55) imply Γ = 1, and thus (19a) and (19b) yield
δ(m) = δ(k) = 0, and so, δ(H) = 0, m = mq, k = kq and H = Hq follow from (17a),
(17b) and (20). As a consequence, (22) becomes a FLRW line element and all scalars
are either constants or functions of t only.
Appendix C.2. Minkowskian particular cases.
Considering the Riemann tensor (see Appendix A2 of [30]), any particular LTB model
in which mq = m = 0 is locally equivalent to Minkowski spacetime given in curvilinear
coordinates that generalize the well known Milne Universe. These are the locally
Minkowskian solutions (A.6), corresponding to the case “[s2]” in the classification of
[8], and are given by the specialization:
mqi = 0 and kqi < 0 but otherwise arbitrary. (C.5)
so that mq = m = δ
(m) = 0, but δ(k) 6= 0, δ(H) 6= 0. The metric functions L and Γ
follow from substituting (C.5) into the equation for L˙ in (15) and substituting in the
definition of Γ in (12):
L = 1 + |kqi|1/2 c(t− ti), Γ =
1 + |kqi|1/2
(
1 + 32δ
(k)
i
)
c(t− ti)
1 + |kqi|1/2 c(t− ti) (C.6)
where we used (11) and the coordinate gauge (36). Evidently, we have M = 0, while E
is arbitrary as in (A.6). The scalars associated with spatial curvature and expansion
correspond to hypersurfaces 3T and a 4–velocity associated with test observers. In
general, these coordinates do not cover the full Minkowski spacetime, and thus L = 0,
marked by ct = ctbb(r) = cti − 1/|kqi|1/2, corresponds to a caustic surface for this
congruence, not to a curvature singularity. Milne’s Universe, which can also be
considered as a vacuum FLRW cosmology, is the particular case of (C.5) and (C.6)
given by
mqi = 0 and |kqi| = k0 = constant, (C.7)
L = L(t) = 1 +
√
k0 c(t− ti), (C.8)
M = 0, E = F2 − 1 = |k0| r2, tbb = constant. (C.9)
Since δ
(k)
i = 0 in this case vanish, then Γ = 1 and all the δ
(A) also vanish. Also, we
have mq = m = 0 for all t, though kq = k < 0 and Hq = H are functions of time. In
the general case (C.5) kq = k < 0 and Hq = H are also functions of r.
Appendix C.3. Schwarzschild–Kruskal spacetime.
The Schwarzschild–Kruskal spacetime in comoving coordinates constructed by radial
geodesics (Lemaˆıtre and Novikov coordinates, see page 332 of [3]) follows by setting
mqi = m0 r
−3 and kqi arbitrary, (C.10)
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Hence, (21) and (36) imply
M = M0 = m0R
3
0, E = F2 − 1 arbitrary, (C.11)
while (11) and (19a) yield δ
(m)
i = δ
(m) = −1, so that 2mq = 2M0/R3 and mi = m = 0
follows from (18a) and (17a). It is straightforward to prove that the Riemann tensor
(see Appendix A2 of [30]) with m = 0 and mq 6= 0 leads to a vanishing Ricci tensor,
and thus we can identify this case as a vacuum Schwarzschild–Kruskal solution where
2M0 is the Schwarzschild radius. The variables associated with spatial curvature
(k, kq and δ
(k)) and the expansion (H, Hq and δ(H)) remain arbitrary because a
spatial curvature and an expansion can always be associated to a congruence of radial
geodesic test observers with arbitrary binding energy. In fact, by setting M = M0 in
(2) we obtain the equation for radial timelike geodesics in a Schwarzschild spacetime
if we identify F2 − 1 with the binding energy of the comoving test observers.
The form of L depends on the choice of kqi. If we choose geodesic observers with
zero binding energy kqi = 0, then L and tbb follow from (41) and (42) with mqi given
by (C.10):
L(t, r) =
[
1 +
3
2
√
2m0 r
−3/2 c(t− ti)
]2/3
, ctbb = cti − 2 r
3/2
3
√
2m0
. (C.12)
If we choose kqi 6= 0, then L follows from the implicit solutions (51) and (88) under
the specialization (C.10):
φ(t, r) = yi c(t− ti) + Z(xi) = Z(xi L), xi = kqi r
3
m0
, yi =
k
3/2
qi r
3
m0
. (C.13)
where Z is either one of the functions (52) or (89). Notice that tbb → −∞ as r →∞ in
(C.12), whereas the form of tbb (and tmax, tcoll if kqi > 0) depend on the choice of kqi.
As shown in sections 10 and 11, if k
3/2
qi r
3 → 0, then L tends asymptotically to (C.12).
We also remark that the Schwarzschild–Kruskal spacetimer lacks a regular symmetry
center, hence r = 0 is not a special worldline. Also, the comoving coordinates in the
cases kqi ≤ 0 do not cover the full Schwarzschild-Kruskal manifold.
Appendix C.4. Self–similar solutions.
The self–similar LTB solutions have been popular models to study gravitational
collapse [10]. They have been classified in [36]. In terms of the parameters used
in this article these solutions follow as the particular case
mqi = m0 r
−2 and kqi = k0 r−2, (C.14)
where m0 > 0 and k0 are constants. The form of L follows from (41) and from the
implicit solutions (51) and (88) under the specialization (C.14):
L =
[
1 +
3
2
√
2m0 ζ
]2/3
, k0 = 0 (C.15)
φ(t, r) = y0 ζ + Z(x0) = Z(x0 L), x0 =
k0
m0
, y0 =
k
3/2
0
m0
, k0 6= 0 (C.16)
where Z = Zh or Z = Ze given by (52) and (89) for hyperbolic and elliptic models,
and we can identify the self similar variable
ζ ≡ c(t− ti)
r
. (C.17)
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The functions M, E and tbb follow from applying (C.14) to (21), (42) and (54)
M = m0R
3
0 r, E = F2 − 1 = −k0R20, (C.18)
ctbb = cti − 2 r
3
√
2m0
, k0 = 0, ctbb = cti − r
y0
Z(x0), k0 6= 0. (C.19)
As in the Schwarzschild–Kruskal case, we have tbb → −∞ as r →∞ (see section 13).
As a consequence of (C.14) we have (in general) δ
(m)
i = δ
(k)
i = −2/3. The forms for
mq, Hq, kq, Γ, δ(m), δ(k), δ(H) and the remaining scalars follow by applying (C.14) to
the appropriate equations. It is straightforward to verify that the metric (22) takes the
appropriate self–similar form, admitting the homothetic vector za = c(t− ti)δa0 + rδar .
Also, all dimensionless variables (i.e. of the form A/Ai, as well as L, Γ andHq c(t−ti))
depend only on the self–similar variable.
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